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Abstract
Given four distinct vertices s1 , s2 , t1 , and t2 of a graph G, the 2-disjoint
paths problem is to determine two disjoint paths, p1 from s1 to t1 and
p2 from s2 to t2 , if such paths exist. Disjoint can mean vertex- or edgedisjoint.
Both, the edge- and the vertex-disjoint version of the problem, are
N P-hard in the case of directed graphs. For undirected graphs, we show
that the O(mn)-time algorithm of Shiloach can be modified so as to solve
the 2-(vertex-)disjoint paths problem in O(n+mα(m, n)) time, where m is
the number of edges in G, n is the number of vertices in G, and α denotes
the inverse of the Ackermann function. Our result also improves the
running time for the 2-edge-disjoint paths problem on undirected graphs
as well as the running times for the decision versions of the 2-vertex- and
the 2-edge-disjoint paths problem on dags.
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Given four distin t verti es s1 ; s2 ; t1 ; and t2 of a graph G,
the 2-disjoint paths problem is to determine two disjoint paths, p1 from
s1 to t1 and p2 from s2 to t2 , if su h paths exist. Disjoint an mean
vertex- or edge-disjoint.
Both, the edge- and the vertex-disjoint version of the problem, are NP hard in the ase of dire ted graphs. For undire ted graphs, we show that
the O(mn)-time algorithm of Shiloa h an be modi ed so as to solve
the 2-(vertex-)disjoint paths problem in O(n + m (m;n)) time, where
m is the number of edges in G, n is the number of verti es in G, and
denotes the inverse of the A kermann fun tion. Our result also improves
the running time for the 2-edge-disjoint paths problem on undire ted
graphs as well as the running times for the de ision versions of the 2vertex- and the 2-edge-disjoint paths problem on dags.
Abstra t.

1 Introdu tion

In the k -disjoint paths problem (k 2 IN) we have 2k pairwise distin t verti es
s1; : : : ; s ; t1 ; : : :; t of a graph G = (V; E ); and we want to output k pairwise
disjoint paths p from s to t (1  i  k ), if su h paths exist. For short, we will
subsequently refer to the k -disjoint paths problem as k -DPP or, more pre isely,
as k -VDPP if disjoint means vertex-disjoint, and as k -EDPP if disjoint means
edge-disjoint. For time bounds, we let n = jV j and m = jE j.
The k -DPP arises in the ontext of VLSI-design, routing problems, and netk
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work reliability (see [1℄ and [15℄) and has been extensively studied. A short
overview is given in this introdu tion. Further overviews an be found in [2℄,
[21℄, and [22℄. We will also onsider the de ision version of the k -DPP in whi h
we only want to test the existen e of k disjoint paths pi from si to ti (1  i  k ).
Given an O(T (n; m))-time algorithm for the de ision version of the k -DPP, the
disjoint paths, if they exist, an be omputed within O(n + mT (m; n)) time using
the following algorithm: Step through all edges of the input graph G, and, for
ea h edge e onsidered, if there are k pairwise disjoint paths onne ting si to ti
for 1  i  k in the graph G feg,1 delete e from G before onsidering the next
1

For short, given a graph G = (V; E ) and a set W  V we de ne G W to be the
graph (V W;E \ ffu; v g j u; v 2 V W g), and, similarly, for ea h set F  E we
let G F be the graph (V; E F ).
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edge. After having onsidered all edges the resulting graph onsists of exa tly k
disjoint paths onne ting si to ti for 1  i  k . The paths themselves an be
output with a depth- rst sear h in the ase of the k -VDPP. In the ase of the
k-EDPP the onstru tion of the paths is more ompli ated. It an be done in
O(n + mT (n; m)) time, but we will not show this here.
Previous results. For dire ted graphs, the de ision versions of the k-EDPP
and the k -VDPP are NP - omplete, even for k = 2, as shown by Fortune,
Hop roft, and Wyllie [5℄. However, in [17℄ Perl and Shiloa h presented an O(mn)time algorithm for solving the 2-VDPP on dags (dire ted a y li graphs). Fortune, Hop roft, and Wyllie [5℄ generalized this result of Perl and Shiloa h to a
polynomial-time algorithm for the k -VDPP on dags. Lu hesi and Giglio [13℄
gave a linear-time redu tion from the de ision version of the 2-VDPP on dags
to the 2-VDPP on undire ted graphs. Solving the latter problem with the previously best known algorithm for the 2-VDPP on undire ted graphs leads to an
improved running time of O(n2 ) for the de ision version of the 2-VDPP on dags.
This bound holds also for the de ision version of the 2-EDPP as we will show in
Se t. 3 of this paper by using an O(n + m log2+m=n n)-time redu tion from the
2-EDPP to the 2-VDPP. As an appli ation S hrijver [20℄ des ribed an air plane
routing problem that an be solved with an algorithm for the k -EDPP on dags.
If k is not xed, as de ned above, but part of the input, the problem of testing
whether there are k disjoint paths pi from si to ti (1  i  k ) is NP - omplete
also for undire ted graphs. This was shown by Knuth, f. [10℄, and Lyn h [14℄
for the VDPP and by Even, Itai, and Shamir [4℄ for the EDPP.
The rst polynomial-time algorithms for the 2-DPP on undire ted graphs
were given by Ohtsuki [15℄, Seymour [23℄, Shiloa h [24℄, and Thomassen [26℄.
More pre isely, Seymour gave only a solution for the de ision version of the
2-DPP, but for both, the 2-EDPP and the 2-VDPP. Ohtsuki, Shiloa h, and
Thomassen onsidered only the 2-VDPP. However, with the redu tions des ribed
in [17℄ their algorithms an also be used for solving the 2-EDPP without in reasing the running time of O(nm) of Ohtsuki's and Shiloa h's algorithms. Later,
Khuller, Mit hell, and Vazirani impli itly showed in [11℄ that the algorithm of
Shiloa h an be modi ed so as to run in O(n2 ) time. Using an appropriate redu tion, one an also show that the 2-EDPP an be solved within the same time
bound (see Se t. 5 for an example of su h a redu tion). Finally, in [7℄ Gustedt des ribed an O(n + m log n)-time algorithm for the 2-VDPP on undire ted graphs.
Unfortunately, sin e some of the lemmas in [7℄ fail for ertain types of graphs,
the urrent version of Gustedt's algorithm does not work on all graphs. But,
for all instan es of the 2-VDPP for whi h G is a tri onne ted graph su h that
there is no vertex v of G with v 62 fs1 ; s2 ; t1 ; t2 g that an be separated from
fs1 ; s2 ; t1 ; t2 g by a separator of size three, the lemmas of [7℄ mentioned above
hold and, as a byprodu t of this paper, we prove that the 2-VDPP an be redu ed to the 2-VDPP on this restri ted set of graphs. Con erning the more
general k -DPP, Robertson and Seymour [18℄ showed that the de ision version of
the undire ted k -VDPP is solvable in O(n3 ) time. Finally, Perkovi and Reed
[16℄ improved the running time to O(n2 ); whi h is urrently the best known time
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bound for the de ision version of the k -DPP on undire ted graphs, for all k  3.
For some kinds of graphs, the 2-DPP or the general k -DPP are solvable in linear
time (see [17℄, [6℄, [12℄, and [19℄).
New results. In this paper we present an algorithm for solving the 2-VDPP
on undire ted graphs in O(n + m (m; n)) time, whi h improves the previously
best known time bound of O(n2 ) to O(minfn2 ; n + m (m; n)g). denotes the
inverse of the A kermann fun tion. Applying some well-known redu tions or
slightly modi ed versions thereof, we will also show that our result also leads to
an O(m (m; n) + n log n) time bound for the 2-EDPP on undire ted graphs, an
O(n + m (m; n)) time bound for the de ision version of the 2-VDPP on dags,
and nally an O(n + m log2+m=n n) time bound for the de ision version of the
2-EDPP on dags.
The paper is organized as follows. In Se t. 2 we dis uss Shiloa h's algorithm
for the 2-VDPP on undire ted graphs. We will see that the 2-VDPP an be redu ed to a problem that basi ally onsists in eliminating, without hanging the
solvability of the problem, all verti es of an instan e of the 2-VDPP that an
be separated from s1 ; s2 ; t1 ; and t2 by a separator onsisting of three or fewer
verti es. Following the presentation, in Se t. 3, of some simple de nitions onerning the k -vertex- onne tivity, the problem above is solved in Se t. 4. Other
versions of the 2-DPP are dis ussed in Se t. 5.

2 Shiloa h's Algorithm
In this se tion we onsider Shiloa h's algorithm for the 2-VDPP on undire ted
graphs. For an instan e I = (G; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP, if there exist two
vertex-disjoint paths p1 from s1 to t1 and p2 from s2 to t2 , we say that I has a
solution and that p1 and p2 solve I . Given two instan es I1 = (G; s1 ; s2 ; t1 ; t2 )
with G = (V; E ) and I2 = (G0 ; s01 ; s02 ; t01 ; t02 ) with G0 = (V 0 ; E 0 ) of the 2-VDPP,
let us say that I1 is 2-paths redu ible (or for short 2P-redu ible) to I2 if the
following onditions hold: First, I1 has a solution i I2 has a solution; se ond, jV 0 j = O(jV j); third, jE 0 j = O(jE j); and nally, fourth, given a solution
of I2 we an solve I1 in O(jV j + jE j) time. If we repla e an instan e I1 of
the 2-VDPP by another instan e I2 su h that I1 is 2P-redu ible to I2 we also
say that I1 is 2P-redu ed to I2 .
In [24℄ Shiloa h outlined a proof of Itai a ording to whi h we an assume
w.l.o.g. that the input graph G = (V; E ) of an instan e I = (G; s1 ; s2 ; t1 ; t2 ) of
the 2-VDPP is tri onne ted. On a tri onne ted graph the algorithm of Shiloa h
pro eeds as follows: If G is planar, the problem instan e I is solved with the
algorithm of Perl and Shiloa h [17℄. Otherwise I is 2P-redu ed to an instan e
I 0 = (G0 ; s1; s2; t1; t2 ) of the 2-VDPP with G0 = (V 0 ; E 0) a tri onne ted graph
su h that there are four vertex-disjoint paths from s1 ; s2 ; t1 ; and t2 to any other
set S  V 0 fs1 ; s2 ; t1 ; t2 g with at most four verti es (if jS j < 4 the end points
of the paths in S may overlap). A ording to Shiloa h, the 2-VDPP on su h an
instan e I 0 = (G0 ; s1 ; s2 ; t1 ; t2 ) an be solved as follows: First extra t a subgraph
of G0 homeomorphi to K5 or K3;3 . If no su h subgraphs exist, G0 is planar and
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I 0 an be solved with the algorithm of Perl and Shiloa h [17℄. Otherwise, if there
is a subgraph homeomorphi to K5 , two disjoint paths from s1 to t1 and from
s2 to t2 an be found with an algorithm of Watkins [27℄. For the remaining ase,
Shiloa h proved that using some further redu tions two disjoint paths from s1
to t1 and from s2 to t2 an be onstru ted in linear time.
Con erning the omplexity of the algorithm above, Shiloa h showed that
nearly all steps of the algorithm run in O(m + n) time. Only two bottlene ks
were not solved in O(m + n) time by Shiloa h: The rst one is the redu tion
from I to I 0 ; and the se ond one is the extra tion of a subgraph homeomorphi
to K3 3 or K5 . But Williamson [28℄ gave a linear-time algorithm for the latter
problem. Thus, for solving the 2-VDPP in O(n + m (m; n)) time, we only need
to show that, given an instan e I = (G; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP, where G is a
tri onne ted graph, it is possible to onstru t, in O(m (m; n)) time, an instan e
I 0 = (G0; s1 ; s2; t1; t2) of the 2-VDPP, where G0 = (V 0; E 0 ) is a tri onne ted
graph su h that in G0 there are four disjoint paths from s1 ; s2 ; t1 ; and t2 to any
other set S  V 0 fs1 ; s2 ; t1 ; t2 g with jS j  4, and I is 2P-redu ible to I 0 . This
;

is exa tly what we will do in Se t. 4.
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k-Vertex-Conne tivity { Fa ts and De nitions

The following fa ts and de nitions related to k -vertex- onne tivity will be useful
for understanding the orre tness of our algorithm for the 2-VDPP in Se t. 4.
Let G = (V; E ) be an undire ted graph and let s; t 2 V with s 6= t. We say that s
and t are k -vertex- onne ted (or that s is k -vertex- onne ted to t), i there are k
internally vertex-disjoint paths from s to t. By internally vertex-disjoint we mean
that every pair of the k disjoint paths has no vertex in ommon, ex ept s and
t. We say that G is k-vertex- onne ted if all pairs of verti es of G are k-vertexonne ted. If two distin t verti es s and t of a graph G = (V; E ) with fs; tg 62 E
are not (k + 1)-vertex- onne ted, they an be separated by a k -separator:

De nition 1. Let G = (V; E ) be an undire ted graph. Then we all a subset
S  V with jS j = k a (k-)separator (of G) i the graph G = G S is not
onne ted. If two verti es s; t of G are not onne ted in G , we say that S
separates s and t (in G). If, for a vertex s and a set T  V; the onne ted
omponent of G ontaining s does not ontain any vertex of T; we say that s
an be separated from T by S (in G) or that S separates s from T (in G).

For an undire ted graph G = (V; E ) and two distin t verti es s; t 2 V , let us
de ne (s; t) as the size of a smallest separator S ( ontaining neither s nor t) that
separates s and t if fs; tg 62 E , and as one plus the size of a smallest separator S
( ontaining neither s nor t) that separates s and t in G ffs; tgg if fs; tg 2 E .
Then there is an alternative hara terization of k -vertex- onne tivity:

Lemma 2. Two verti es s and t of an undire ted graph G = (V; E ) are k-vertexonne ted i (s; t)  k. G is k-vertex- onne ted i (s; t)  k for all s; t 2 V .
One an also show:
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Lemma 3. Let S be a k-separator that separates two verti es v and w of an
undire ted graph G and let p1 ; p2 ; : : :; p be k internally vertex-disjoint paths
from v to w. Then, every path p with 1  i  k ontains exa tly one vertex of
S.
k

i

In the following, we use \bi onne ted" and \tri onne ted" as synonyms for
\2-vertex- onne ted" and \3-vertex- onne ted", respe tively. Moreover, queries,
referred to as k - onne tivity queries, ask whether two given verti es v and w are
k-vertex- onne ted. Finally, in the following se tion, disjoint will always mean
vertex-disjoint and k - onne ted will mean k -vertex- onne ted.

4 An O(n + m (m; n))-time algorithm for the 2-VDPP
As we have already seen in Se t. 2, for solving the 2-VDPP in O(n + m (m; n))
time on undire ted graphs, we only need to show that, given an instan e I =
(G; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP, where G is a tri onne ted graph, it is possible
to onstru t, in O(m (m; n)) time, an instan e I 0 = (G0 ; s1 ; s2 ; t1 ; t2 ) of the
2-VDPP, where G0 = (V 0 ; E 0 ) is a tri onne ted graph su h that there are four
disjoint paths from s1 ; s2 ; t1 ; and t2 to any other set S  V 0 fs1 ; s2 ; t1 ; t2 g with
at most four verti es (ex ept that the end points in S may overlap), and I is
2P-redu ible to I 0 . For this we will make use of so- alled triangle-repla ements:
Suppose we are given an instan e I = (G; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP su h
that there exists a vertex v in G that is separated from fs1 ; s2 ; t1 ; t2 g by a 3separator S = fa; b; g. Then, like Gustedt in [7℄, we all S a triangular ut of
G and the graph G0 obtained from G by deleting all verti es of the onne ted
omponent of G S ontaining v together with their adja ent edges and by
inserting edges between all pairs of verti es of S that are not already onne ted
by an edge the triangle-repla ement of G by S (removing vertex v ) or, for short,
the -repla ement of G by S (see Fig. 1). Sometimes we also all the repla ement
step that repla es G by G0 a -repla ement.
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Shiloa h [24℄ showed that if G ontains no triangular ut separating a vertex
v from fs1; s2; t1; t2g; then there are four disjoint paths from s1; s2; t1; and t2
to any other set S  V fs1 ; s2 ; t1 ; t2 g with at most four verti es. Thus, if for
an instan e I = (G; s1 ; s2 ; t1 ; t2 ) the graph G does not ontain a triangular ut,
we already know that we an solve the 2-VDPP in linear time. Otherwise, we
just eliminate all triangular uts from G. More pre isely, we repeatedly sear h
for a vertex v of G that is separated from fs1 ; s2 ; t1 ; t2 g by a triangular ut S
and repla e I by I  = (G ; s1 ; s2 ; t1 ; t2 ); where G is the -repla ement of G
by S removing v . We stop if, for the resulting instan e I 0 = (G0 ; s1 ; s2 ; t1 ; t2 )
after all -repla ements, G0 has no triangular ut S separating a vertex v from
fs1 ; s2 ; t1 ; t2 g.
One an easily show that the -repla ements do not hange the solvability
of the problem (see [24℄ for example).

Lemma 4. Let I = (G; s1 ; s2 ; t1 ; t2 ) be an instan e of the 2-VDPP su h that G
is a tri onne ted graph and let G be a -repla ement of G. Then G is also a
tri onne ted graph and I  = (G ; s1 ; s2 ; t1 ; t2 ) has a solution i I has a solution.

Moreover, Shiloa h [24℄ showed that if I is our original instan e before the
rst -repla ement and I 0 is the instan e of the 2-VDPP after the last repla ement, then the following holds:

Lemma 5. I is 2P -redu ible to I 0 . In parti ular, given two paths p01 and p02 that
solve I 0 , one an onstru t, in linear time, two paths p1 and p2 that solve I .
Con erning the running time of the redu tion from I to I 0 one an show:

Lemma 6. Given an instan e I = (G; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP, where G =
(V; E ) is tri onne ted graph, a triangular ut S of G, and a vertex v 2 V that is
separated from fs1 ; s2 ; t1 ; t2 g by S , the -repla ement G = (V  ; E  ) of G by S
removing v an be onstru ted in O(jE E  j) time.

Proof. Just start a depth- rst sear h on G S with v as the sour e node and stop
after the depth- rst sear h tree T with root v is omplete. Then G is the graph
obtained from G by deleting all verti es of T and all their adja ent edges in G
and by inserting a onstant number of edges between verti es of S , if ne essary.
Sin e the set of verti es of T is a subset of V V  ; it is easy to see that the
onstru tion of T and the deletion of the verti es and edges from G an be done
in O(jE E  j) time.
ut
From Lemma 6 we an on lude that, beside the time needed for nding
a vertex v that an be separated from fs1 ; s2 ; t1 ; t2 g by a triangular ut and
the time needed for nding su h a triangular ut, the onstru tion of our nal
instan e I 0 without any triangular ut takes linear time. Thus, we just need to
sear h for an eÆ ient algorithm for determining a vertex v and a triangular ut
S su h that v is separated from fs1; s2; t1; t2g by S . The main di eren e between
the algorithm of this paper and Shiloa h's algorithm is the omputation of su h
verti es and triangular uts. While not sear hing expli itly for triangular uts
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Shiloa h's algorithm is o asionally unable to pro eed due to the presen e of su h
a ut. The ut is then removed by a -repla ement. After the -repla ement
Shiloa h's algorithm is restartet on the resulting graph. Sin e this my happen
(n) times, the running time of Shiloa h's algorithm is bounded by only O(mn).
Here, in ontrast, we systemati ally remove all triangular uts separating
a vertex v from fs1 ; s2 ; t1 ; t2 g eÆ iently. For identifying su h a vertex v , the
following lemma will be very useful.
Lemma 7. Let G = (V; E ) be an undire ted tri onne ted graph ontaining four
verti es s1 ; s2 ; t1 ; and t2 , and let Gx = (Vx ; Ex ) be the graph that is obtained

from G by adding a new vertex x to V and new edges fx; s1 g; fx; s2 g; fx; t1g;
and fx; t2 g to E . Then, a vertex v 2 V fs1 ; s2 ; t1 ; t2 g an be separated from
fs1 ; s2 ; t1 ; t2 g by a set S  V with jS j  3 in G i S separates v and x in G .
Proof. Every path from v to x in G must visit a vertex w 2 fs1 ; s2 ; t1 ; t2 g before
rea hing x. Hen e, if S is a 3-separator separating v from fs1 ; s2 ; t1 ; t2 g in G,
x

x

every path from v to x must visit a vertex in S before (or exa tly when) visiting
a vertex in fs1 ; s2 ; t1 ; t2 g. Thus, S separates v and x in Gx .
Conversely, if S is a 3-separator separating x and v in Gx , then the verti es of
fs1 ; s2 ; t1 ; t2 g are ontained either in S or in the onne ted omponent of Gx S
ontaining x. It follows that the onne ted omponent of Gx S ontaining v
does not ontain any vertex of fs1 ; s2 ; t1 ; t2 g and that the same is true of the
graph G S . Hen e, v is separated from fs1 ; s2 ; t1 ; t2 g in G by S .
ut
Now, for an instan e I = (G; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP, like in Lemma 7,
let Gx be the graph obtained from G, by adding a new vertex x and edges
fx; s1 g, fx; s2 g, fx; t1 g, and fx; t2 g to G. Then, if G is tri onne ted, the same
is true of Gx , and s1 ; s2 ; t1 ; t2 are 4- onne ted to x. Lemma 7 implies that in
ea h redu tion step, repla ing an instan e I = (G; s1 ; s2 ; t1 ; t2 ) by an instan e
I  = (G ; s1; s2; t1; t2) su h that G is a -repla ement of G, for identifying a
vertex v 62 fs1 ; s2 ; t1 ; t2 g that an be separated from fs1 ; s2 ; t1 ; t2 g by a triangular
ut, we only need to look for a vertex v that is not 4- onne ted to x in Gx (note
that v is not adja ent to x). To nd su h a vertex we ould step through all
verti es of V and test, for ea h vertex, whether it is 4- onne ted to x (we will
later see eÆ ient implementations for answering 4- onne tivity queries). But, if
we re ompute the set of all verti es that are not 4- onne ted to x after ea h
update of G; we might have to answer up to (n2 ) onne tivity queries for the
whole sequen e of all redu tion steps. The following lemma will help us to redu e
the number of onne tivity queries.
Lemma 8. Let I = (G; s1 ; s2 ; t1 ; t2 ) be an instan e of the 2-VDPP su h that
G = (V; E ) is a tri onne ted graph, let S be a triangular ut of G, let v be a

vertex of G that is separated from fs1 ; s2 ; t1 ; t2 g by S , and, nally, let G be the
-repla ement of G by S removing v. Then, if two distin t verti es a 2 V  S
and b 2 V  are 4- onne ted in G, they are also 4- onne ted in G .
Proof. Let a 2 V  S; b 2 V  be two distin t verti es that are 4- onne ted in
G, and let p1; p2; p3, and p4 be pairwise internally vertex-disjoint simple paths
onne ting a and b.
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b 2 V  S , only one path p out of our four paths an visit a vertex in
V V ; and su h a path must visit at least two verti es of S . Let us de ne to
be the rst vertex on p in S; and d to be the last vertex on p in S . Now, if we
repla e the sub-path of p from to d by the edge f ; dg, p and the other three
paths of p1 ; p2 ; p3 ; and p4 are four internally vertex-disjoint paths in G .
If b 2 S , no more than two of the paths p1 ; p2 ; p3 , and p4 an visit a vertex in
V V . If they do so, they also visit a vertex in S fbg. Then we follow these
paths up to a rst node 2 S fbg, and then use the edge f ; bg to rea h b.
After this repla ement, the four paths are pairwise internally vertex-disjoint in
G.
ut
Hen e, having repla ed G by a new graph G ; if we sear h for a vertex v
that is not 4- onne ted to x, we an ex lude all verti es for whi h, in a previous
redu tion step, we have already tested whether they are 4- onne ted to x. If su h
a vertex was 4- onne ted to x, it remains 4- onne ted to x, and, otherwise, it was
deleted from G. Thus, the number of 4- onne tivity-queries is redu ed to O(n).
If

For eÆ iently supporting 4- onne tivity queries, we might onsider using a

dynami data stru ture. This is a data stru ture that supports two kinds of

operations: update operations, whi h in ase of graph problems usually onsist of edge insertions and edge deletions, and queries, whi h in our ase will
be 4- onne tivity queries. The idea behind dynami data stru tures for graph
problems is that, using the knowledge about a graph before an edge insertion or
edge deletion, possibly queries an be answered faster than without su h knowledge. Unfortunately, there is no known dynami data stru ture supporting all
of the operations above in nearly onstant time. However, Kanevsky, Tamassia,
Di Battista, and Chen [9℄ presented a very eÆ ient in remental dynami data
stru ture supporting only edge insertions and 4- onne tivity queries. This data
stru ture an be initialized, in O(m (m; n)) time, with a tri onne ted graph ontaining m edges and n verti es, and, after this initialization, it supports O(m)
queries and insertions in O(m (m; n)) time. With a simple tri k we an make
use of this data stru ture: In addition to Gx ; we also maintain a graph Hx . that,
before the rst -repla ement, is initialized with a opy of Gx . In a redu tion
step repla ing Gx by a -repla ement Gx of G, we do not delete any vertex or
edge of Hx , but insert in Hx the same edges that are inserted in Gx . Now, if we
want to test whether a vertex of Gx is 4- onne ted to x in Gx , we only need to
ask whether it is 4- onne ted to x in Hx ; as shown by Lemma 9. Queries in Hx
an now be answered with the data stru ture of Kanevsky et al..

Lemma 9. A vertex w of
x in H :

G

x

is 4- onne ted to

x in G

x

i it is 4- onne ted to

x

Proof. Let us de ne a set of k-paths p1 ; p2 ; : : :; p to be quasi internally disjoint
(or, for short, q.i. disjoint) if, for all pairs (i; j ) with i; j 2 f1; : : :; k g and i 6= j;
k

no inner vertex of pi appears on pj . We rst show that, before and after ea h
redu tion step { i.e. -repla ement of Gx { transforming Gx = (VGx ; EGx ) and
Hx = (VHx ; EHx ) into new graphs, the following invariant holds: If, in Hx,
there are k q.i. disjoint simple paths pi (1  i  k ) onne ting x to a vertex
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vi 2 VHx \ VGx , where v1 ; v2; : : : ; vk need not ne essarily be distin t, there are
also k q.i. disjoint paths qi (1  i  k ) onne ting x to vi in Gx su h that the set
of the verti es visited by qi is a subset of the verti es visited by pi . The invariant
holds before the rst redu tion step, sin e Hx is initialized with Gx . Let us now
assume that, for an l 2 IN, after l redu tion steps, there are k q.i. disjoint paths
pi (1  i  k) in Hx onne ting x to a vertex vi 2 VHx \ VGx . Moreover, let S be
the triangular ut used for the rst -repla ement of our algorithm, i.e. in the
rst redu tion step of our algorithm. If one path p of the paths p1 ; : : : ; pk uses
an edge fa; bg that is deleted from Gx after the rst -repla ement, this path
must also visit a vertex 2 S before following edge fa; bg and a vertex d 2 S
after having rea hed edge fa; bg. We an now repla e the sub-path of p between
and d by edge f ; dg. It is easy to see that, after this repla ement, the paths
p1; : : : ; pk remain pairwise q.i. disjoint.0 We eventually
must repeat this step to
obtain k pairwise q.i. disjoint paths p1 ; : : : ; p0k su h that no path uses an edge
that is deleted from Gx after the rst -repla ement, and su h that the verti es
visited by p0i are a subset of the verti es visited by pi . In the same way, we an
repla e all edges of any path in p01 ; : : : ; p0k that are deleted from Gx after the
se ond, third, : : : -repla ement until the resulting paths use only edges that
are not deleted from Gx after l redu tion steps.
The invariant above implies that, if, after an arbitrary number of redu tion
steps, x is 4-vertex- onne ted to a vertex v 2 VGx \ VHx in Hx ; the same is true
in Gx . The reverse dire tion is trivial.
ut
Given a vertex v of Gx that is not 4- onne ted to x, we still have to show how
we an determine a 3-separator S that separates v and x. On e again, instead
of sear hing for a 3-separator in Gx ; we sear h for a 3-separator in Hx :

Lemma 10. Let v be a vertex of G and let S be a 3-separator separating v and
x in H . Then S is also a 3-separator separating v and x in G .
x

x

x

Proof. Assume that the lemma above is not true. Let us onsider the rst repla ement of Gx = (VGx ; EGx ) by a graph Gx = (VGx ; EGx ), and of Hx = (VHx ; EHx )
by a graph Hx = (VHx ; EHx ) su h that the assertion of the lemma holds before,
but not after, the repla ement. It is lear that every 3-separator T  VGx in Hx
that separates a vertex w 2 VGx and x also separates w and x in Gx , sin e Gx
is a subgraph of Hx . Thus, if the lemma does not hold for Gx and Hx , there
must be a 3-separator T with T 6 VGx that separates a vertex w 2 VGx and x in
Hx. Sin e Hx is tri onne ted, there are three pairwise internally vertex-disjoint
paths from x to w in Hx . Then, as shown in the proof of Lemma 9, there also
exist three pairwise internally vertex-disjoint paths q1 ; q2 ; and q3 from x to w in
Hx that do not visit any vertex outside Gx. Hen e, at least one vertex of T is
not visited by q1 ; q2 ; and q3 . But this ontradi ts Lemma 3.
ut

For determining a 3-separator of Hx separating a vertex v and x, we an again
use the data stru ture of Kanevsky et. al.. This data stru ture also maintains,
in O( (m; n)) amortized time per edge insertion, a spe ial de omposition tree
from whi h, for any given pair of two non-4- onne ted verti es u and w, one an
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onstru t, in onstant time, two sets S1 and S2 su h that one of these sets is a
3-separator separating u and w (see [9℄ for more details). Now, for two sets S1
and S2 with one of them being a 3-separator separating v and x, we start two
interleaved depth- rst sear hes on Gx S1 and on Gx S2 with v as the sour e
node; and we ontinue until one of the two depth- rst sear hes has ompleted
its depth- rst sear h tree ontaining vertex v without having visited vertex x.
Depending on whether this happens to the depth- rst sear h on Gx S1 or to
that on Gx S2 , either S1 (in the rst ase) or S2 (in the se ond ase) is a 3separator separating v and x. Sin e the running time of the subroutine above is
dominated by that of the depth- rst sear h that dete ts a 3-separator S = S1 or
S = S2 , and, after identifying S , all verti es and edges visited by this depth- rst
sear h will be deleted from Gx in order to omplete the redu tion step repla ing
Gx by the -repla ement Gx of G by S , the extra running time for determining
3-separators of two possible andidates an be bounded by O(m); taken over all
redu tion steps.
Let us now analyze the omplexity of the whole algorithm. For answering
all 4- onne tivity queries and identifying 3-separators separating a vertex v and
x; we need only O(m (m; n)) time using the data stru ture of Kanevsky et.
al., sin e this data stru ture an be initialized in O(m (m; n)) time and our
algorithm onsists of only O(n) edge insertions and 4- onne tivity queries (note
that n  m, sin e G is tri onne ted). Sin e we have already shown that the
remaining parts of our algorithm for identifying triangular uts run in linear
time, we an on lude that the following lemma holds:

Theorem 11. Let I = (G; s1 ; s2 ; t1 ; t2 ) be an instan e of the 2-VDPP, where
G = (V; E ) is an undire ted tri onne ted graph. Then, in O(m (m; n)) time, an
instan e I 0 = (G0 ; s1 ; s2 ; t1 ; t2 ) of the 2-VDPP an be onstru ted su h that I
is 2P-redu ible to I 0 ; and su h that G0 = (V 0 ; E 0 ) is an undire ted tri onne ted
graph not ontaining any vertex v 62 fs1; s2 ; t1 ; t2 g that an be separated from
fs1 ; s2 ; t1 ; t2 g by a triangular ut.
With the results of Se t. 2 we an on lude:

Theorem 12. The 2-VDPP an be solved in O(n + m (m; n)) time.

5 Extensions
Perl and Shiloa h [17℄ showed that the 2-EDPP on undire ted graphs an be
redu ed to the 2-VDPP on undire ted graphs as follows: If, for an instan e
(G; s1 ; s2 ; t1 ; t2 ) of the 2-EDPP, there are two vertex-disjoint paths from s1 to t1
and from s2 to t2 , just output two su h paths with an algorithm for the 2-VDPP.
Otherwise, add a new vertex x and edges fx; s1 g; fx; s2 g; fx; t1 g and fx; t2 g to G.
Then, there are two edge- (but not vertex-)disjoint paths from s1 to t1 and from
s2 to t2, if and only if there is a vertex u of G that is 4-edge- onne ted to x. Given
su h a vertex u; one an use network- ow te hniques to determine, in O(m) time,
four edge-disjoint paths from u to s1 ; s2 ; t1 ; and t2 ; and by on atenating two
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of these paths it is easy to onstru t, in linear time, two edge-disjoint paths
from s1 to t1 and s2 to t2 . In [17℄ the problem of determining a vertex u that is
4-edge- onne ted to x was solved by n appli ations of network- ow te hniques,
whi h yields a running time of O(mn). But, as shown by Dinitz and Westbrook
[3℄, a sequen e of q 4-edge- onne tivity queries in an undire ted graph with n
verti es and m edges an be answered in O(q + m + n log n) total time. Hen e,
the 2-EDPP on undire ted graphs an be solved in O(m (m; n) + n log n) time.
In [13℄ Lu hesi and Giglio presented a linear-time algorithm that, given an
instan e I = (G; s1 ; s2 ; t1 ; t2 ) of the de ision version of the 2-VDPP on dags
with G = (V; E ), onstru ts an instan e I 0 = (G0 ; s1 ; s2 ; t1 ; t2 ) of the de ision
version of the 2-VDPP for undire ted graphs with G0 = (V 0 ; E 0 ) su h that
jE 0 j  jE j, jV 0 j  jV j, and there are two disjoint paths from s1 to t1 and from
s2 to t2 in G i the same is true of G0. Thus, there is an O(m (m; n) + n)time algorithm for solving the de ision version of the 2-VDPP on dags. Finally,
similarly to the redu tion of the 2-EDPP to the 2-VDPP on undire ted graphs,
for the 2-EDPP on a dag, either two disjoint paths an be found with an algorithm for the 2-VDPP, or we add two verti es x and y and dire ted edges
(x; s1 ); (x; s2 ); (t1 ; y ); and (t2 ; y ) to our input graph. In the latter ase, there
are two edge- (but not vertex-)disjoint paths, p1 from s1 to t1 and p2 from s2
to t2 ; i there is a vertex u su h that there are two edge-disjoint paths leading from x to u as well as two edge-disjoint paths from u to y . u, if it exists,
an be determined in O(n + m log2+m=n n) time with a data stru ture of Suurballe and Tarjan [25℄. Hen e, the de ision version of the 2-EDPP on dags
is solvable in O(n + m log2+m=n n) time.

6 A knowledgements
My spe ial thanks go to Jens Gustedt for his ontributions to our email dis ussion
on the 2-disjoint paths problem. The feedba k and friendly support I re eived
from Jens Gustedt have been a onstant en ouragement for me to pursue my
obje tive and solve the 2-VDPP in nearly linear time. I am indebted to Torben
Hagerup for his advi e and many helpful omments on preversions of this paper.

Referen es
1. A. Aggarwal, J. Kleinberg, and D. P. Williamson, Node-disjoint paths on the mesh
and a new trade-o in VLSI layout, SIAM J. Comput. 29 (2000), pp. 1321{1333.
2. J. Bang-Jensen and G. Gutin, Digraphs: Theory, Algorithms and Appli ations,
Springer, London, 2001.
3. Y. Dinitz and J. Westbrook, Maintaining the lasses of 4-edge- onne tivity in a
graph on-line, Algorithmi a 20 (1998), pp. 242{276.
4. S. Even, A. Itai, and A. Shamir, On the omplexity of timetable and multi ommodity ow problems, SIAM J. Comput. 5 (1976), pp. 691{703.
5. S. Fortune, J. Hop roft, and J. Wyllie, The dire ted subgraph homeomorphism
problem, Theoret. Comput. S i. 10 (1980), pp. 111{121.

11

6. C. P. Gopalakrishnan and C. Pandu Rangan, Edge-disjoint paths in permutation
graphs, Dis uss. Math. Graph Theory 15 (1995), pp. 59-72.
7. J. Gustedt, The general two-path problem in time O(m log n) (extended abstra t),
Report No. 394/1994, TU Berlin, FB Mathematik, 1994.
8. D. Jungni kel, Graphen, Netzwerke und Algorithmen, B. I. Wissens haftsverlag,
Mannheim, 1994.
9. A. Kanevsky, R. Tamassia, G. Di Battista, and J. Chen, On-line maintenan e of
the four- onne ted omponents of a graph, Pro . 32nd Annual IEEE Symposium
on Foundations of Computer S ien e (FOCS 1991), pp. 793{801.
10. R. M. Karp, On the omputational omplexity of ombinatorial problems, Networks
5 (1975), pp. 45{68.
11. S. Khuller, S. G. Mit hell, and V. V. Vazirani, Pro essor eÆ ient parallel algorithms
for the two disjoint paths problem and for nding a Kuratowski homeomorph,
SIAM J. Comput. 21 (1992), pp. 486{506.
12. E. Kora h and A. Tal, General vertex disjoint paths in series-parallel graphs, Disrete Appl. Math. 41 (1993), pp. 147{164.
13. C. L. Lu hesi and M. C. M. T. Giglio, On the irrelevan e of edge orientations on
the a y li dire ted two disjoint paths problem, IC Te hni al Report DCC-92-03,
Universidade Estadual de Campinas, Instituto de Computaa~o, 1992.
14. J. F. Lyn h, The equivalen e of theorem proving and the inter onne tion problem,
(ACM) SIGDA Newsletter, 5 (1975), pp. 31{36.
15. T. Ohtsuki, The two disjoint path problem and wire routing design, Pro . Symposium on Graph Theory and Appli ations, Le ture Notes in Computer S ien e,
Vol. 108, Springer, Berlin, 1981, pp. 207{216.
16. L. Perkovi and B. Reed, An improved algorithm for nding tree de ompositions of
small width, International Journal of Foundations of Computer S ien e (IJFCS)
11 (2000), pp. 365{372.
17. Y. Perl and Y. Shiloa h, Finding two disjoint paths between two pairs of verti es
in a graph, J. ACM 25 (1978), pp. 1{9.
18. N. Robertson and P. D. Seymour, Graph minors. XIII. The disjoint paths problem,
J. Comb. Theory, Ser. B, 63 (1995), pp. 65{110.
19. P. S heer, A pra ti al linear time algorithm for disjoint paths in graphs with
bounded tree-width, Report No. 396/1994, TU Berlin, FB Mathematik, 1994.
20. A. S hrijver, A group-theoreti al approa h to disjoint paths in dire ted graphs,
CWI Quarterly 6 (1993), pp. 257{266.
21. A. S hrijver, Combinatorial optimization { Polyhedra and EÆ ien y Vol. C,
Springer, Berlin, 2002.
22. A. S hwill, Nonblo king graphs: greedy algorithms to ompute disjoint paths, Pro .
7th Annual Symposium on Theoreti al Aspe ts of Computer S ien e (STACS
1990), Le ture Notes in Computer S ien e Vol. 415, Springer-Verlag, Berlin, 1990,
pp. 250-262.
23. P. D. Seymour, Disjoint paths in graphs, Dis rete Math. 29 (1980), pp. 293{309.
24. Y. Shiloa h, A polynomial solution to the undire ted two paths problem, J. ACM
27 (1980), pp. 445{456.
25. J. W. Suurballe and R. E. Tarjan, A qui k method for nding shortest pairs of
disjoint paths. Networks 14 (1984), pp. 325-336.
26. C. Thomassen, 2-linked graphs, Europ. J. Combinatori s 1 (1980), pp. 371{378.
27. M. E. Watkins, On the existen e of ertain disjoint ar s in graphs, Duke Math. J.
35 (1968), pp. 231{246.
28. S. G. Williamson, Depth- rst sear h and Kuratowski subgraphs, J. ACM 31
(1984), pp. 681{693.

12

