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Abstract
Given four distinct vertices s1 , s2 , t1 , and t2 of a graph G, the 2-disjoint
paths problem is to determine two disjoint paths, p1 from s1 to t1 and
p2 from s2 to t2 , if such paths exist. Disjoint can mean vertex- or edgedisjoint.
Both, the edge- and the vertex-disjoint version of the problem, are N Phard in the case of directed graphs. For undirected graphs, we show that
the O(mn)-time algorithm of Shiloach can be modified so as to solve the 2(vertex-)disjoint paths problem in only O(n + mα(m, n)) time, where m is
the number of edges in G, n is the number of vertices in G, and α denotes
the inverse of the Ackermann function. Our result also improves the
running time for the 2-edge-disjoint paths problem on undirected graphs
as well as the running times for the 2-vertex- and the 2-edge-disjoint paths
problem on dags.
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Abstract. Given four distinct vertices s1 , s2 , t1 , and t2 of a graph G,
the 2-disjoint paths problem is to determine two disjoint paths, p1 from
s1 to t1 and p2 from s2 to t2 , if such paths exist. Disjoint can mean
vertex- or edge-disjoint.
Both, the edge- and the vertex-disjoint version of the problem, are N Phard in the case of directed graphs. For undirected graphs, we show that
the O(mn)-time algorithm of Shiloach can be modified so as to solve the
2-(vertex-)disjoint paths problem in only O(n + mα(m, n)) time, where
m is the number of edges in G, n is the number of vertices in G, and α
denotes the inverse of the Ackermann function. Our result also improves
the running time for the 2-edge-disjoint paths problem on undirected
graphs as well as the running times for the 2-vertex- and the 2-edgedisjoint paths problem on dags.
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Introduction

The construction of disjoint paths in a given graph G is one of the
fundamental problems in graph theory with many applications, for
example in the context of routing problems, network reliability, and
VLSI-design. In the following subsection we will consider different
versions of disjoint paths problems.
1.1

Disjoint paths problems

One of the most intensively studied disjoint paths problems can be
described as follows. Given 2k not necessarily pairwise distinct vertices s1 , . . . , sk , t1 , . . . tk construct, if possible, k disjoint paths pi (1 ≤
i ≤ k) from the vertices s1 , . . . , sk to the vertices t1 , . . . tk such that
pi leads from si to tσ(i) and σ : {1, . . . , k} → {1, . . . , k} defines an
arbitrary permutation of the numbers 1, . . . , k (if s1 , . . . , sk , t1 , . . . tk
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are not pairwise distinct and if we search for vertex-disjoint paths,
we should allow the endpoints of the paths to overlap). It is well
known that this paths problem can be considered as a network flow
problem and can be solved in linear time (cf. [9]).
In this paper we will focus on a more complicated paths problem, namely the k-disjoint paths problem. In this problem, given 2k
vertices s1 , . . . , sk , t1 , . . . , tk , we want to construct k disjoint paths pi
from si to ti (1 ≤ i ≤ k). We will also refer to this problem as k-DPP
or, more precisely, as k-VDPP if disjoint means vertex-disjoint, and
as k-EDPP if disjoint means edge-disjoint. W.l.o.g. throughout this
paper we will assume that the vertices s1 , . . . , sk , t1 , . . . , tk are pairwise distinct. If necessary, this condition can be achieved by applying
some simple reductions. We will give an overview of the known results concerning the k-DPP in Sect. 1.2. Further overviews can be
found in [1], [25], and [26]. We will also consider the decision version of the k-DPP in which we only want to test the existence of k
disjoint paths pi from si to ti (1 ≤ i ≤ k). Fortunately, an algorithm
for the decision version of the k-DPP can also be used for solving
our version of the problem:

Lemma 1. Given an O(T (m, n))-time algorithm for the decision
version of the k-DPP, k disjoint paths solving the k-DPP, if they
exist, can be computed within O(n + kmT (m, n)) time. The result
holds for both versions of the problem, the k-EDPP and the k-VDPP.
Interestingly, this lemma does not appear in the standard literature for the k-DPP (possibly, because of its simple proof). We therefore want to prove this lemma before starting with our overview of
known results concerning the k-DPP.
Proof of Lemma 1. We start with constructing the path from sk
to tk by adding step by step one edge to this paths such that the
remaining sligthly modified disjoint paths problem remains feasible.
The feasability is tested with the O(T (m, n))-time algorithm. Following this approach, after O(mT (m, n)) time the problem is reduced
to the (k − 1)-disjoint paths problem that can be solved recursively
in the same way.
⊔
⊓
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1.2

Results for the k-DPP

Previous results on undirected graphs. Let us first consider the kDPP on undirected graphs. If k is not fixed, as defined above, but is
part of the input, the problem of testing whether there are k disjoint
paths pi from si to ti (1 ≤ i ≤ k) is N P-complete for undirected
graphs. This was shown by Knuth, cf. [11], and Lynch [16] for the
VDPP and by Even, Itai, and Shamir [4] for the EDPP.
The first polynomial-time algorithms for the 2-DPP on undirected graphs were given by Ohtsuki [18], Seymour [27], Shiloach
[28], and Thomassen [31]. More precisely, Seymour gave a solution
only for the decision version of the 2-DPP, but for both, the 2-EDPP
and the 2-VDPP. Ohtsuki, Shiloach, and Thomassen only considered the 2-VDPP. However, with a reduction described by Perl and
Shiloach [20] their algorithms can also be used for solving the 2EDPP without increasing the running time of O(nm) of Ohtsuki’s
and Shiloach’s algorithms. Later, Khuller, Mitchell, and Vazirani implicitly showed in [12] that the algorithm of Shiloach can be modified so as to run in O(n2 ) time. Using an appropriate reduction, one
can also show that the 2-EDPP can be solved within the same time
bound (see Sect. 7 for an example of such a reduction). Finally, in [7]
Gustedt described an O(n+m log n)-time algorithm for the 2-VDPP
on undirected graphs. Unfortunately, since some of the lemmas in [7]
do not hold in general, the current version of Gustedt’s algorithm
does not work on all graphs. But, for all instances of the 2-VDPP for
which G is a triconnected graph such that there is no vertex v of G
with v 6∈ {s1 , s2 , t1 , t2 } that can be separated from {s1 , s2 , t1 , t2 } by
a vertex-cut of size three, the lemmas of [7] mentioned above hold
and, as a byproduct of this paper, we prove that the 2-VDPP can
be reduced to the 2-VDPP on this restricted set of graphs.
For the more general k-DPP, Robertson and Seymour [21] showed
that the decision version of the undirected k-VDPP is solvable in
O(n3 ) time. Finally, Perković and Reed [19] improved the running
time to O(n2 ), which is currently the best known time bound for
the decision version of the k-VDPP on undirected graphs, for all
k ≥ 3. Unfortunately, the constant hidden in the big-O-notation of
the time bound of Robertson’s and Seymour’s algorithm being very
large, Robertson’s and Seymour’s algorithm is only of theoretical
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interest, even with the improvements of Perković and Reed. Until
now, there is no algorithm of practical importance known to solve
the k-VDPP for a k ≥ 3.
Previous results on directed graphs. For directed graphs, the decision versions of the k-EDPP and the k-VDPP are N P-complete,
even for k = 2, as shown by Fortune, Hopcroft, and Wyllie [5].
However, Perl and Shiloach [20] presented an O(mn)-time algorithm
for solving the 2-VDPP on dags (directed acyclic graphs). Fortune,
Hopcroft, and Wyllie [5] generalized this result of Perl and Shiloach
to a polynomial-time algorithm for the k-VDPP on dags. Lucchesi
and Giglio [15] described a linear time reduction from the decision
version of the 2-VDPP on dags to the 2-VDPP on undirected graphs.
From a corollary of their paper it also follows that there are always
two paths solving the 2-VDPP on the undirected graph after the reduction if this graph is non-planar; and since Perl and Shiloach [20]
have shown that the 2-VDPP on undirected planar graphs is solvable
in linear time, the decision version of the 2-VDPP on dags is also
solvable in linear time.1 As the author of this paper showed in [33],
the reduction of Lucchesi and Giglio can be modified so as to reduce
the general 2-VDPP or 2-EDPP on dags in O(m log2+m/n n+n log3 n)
time to the 2-VDPP on undirected graphs. As an application of the
k-EDPP Schrijver [23] described an airplane routing problem that
can be solved with an algorithm for the k-EDPP on dags.
Further results. For many special undirected or directed graphs,
the 2-DPP or the more general k-DPP is solvable in linear time
(see [20], [6], [13], and [22]).
New results. In this paper we present an algorithm for solving the
2-VDPP on undirected graphs, which improves the previously known
best time bound of O(n2 ) to O(n + mα(m, n)). Here, α denotes the
inverse of the Ackermann function as defined by Tarjan and van
Leeuwen [30]. Applying a slightly modified version of a well-known
reduction, we further show that our result leads to an O(mα(m, n) +
n log n) time bound for the 2-EDPP on undirected graphs. With the
O(m log2+m/n n + n log3 n)-time reduction in [33] our new algoritm
for the 2-VDPP can also be used to solve the 2-VDPP and 2-EDPP
on dags in O(m log2+m/n n + n log3 n) time.
1

This was not recognized by the author in the conference version [32] of this paper.

5
The main result of this paper being a new algorithm for the 2VDPP on undirected graphs, Sect. 2 up to Sect. 6 will be concerned
with undirected graphs only. If, in Sect. 2 up to Sect. 6, we refer to
disjoint paths we always mean vertex-disjoint paths.

2

The main ideas

In this section we will introduce the main ideas underlying the algorithm presented in this paper for solving the 2-VDPP on undirected
graphs. A detailed description will be given in the following sections.
We start with a few formal definitions. A path p in a graph G is
called simple if no vertex appears on p more than once. For simplicity,
in the rest of the paper, if we refer to paths, we always mean simple
paths without mentioning it explicitely. Note that, if there are two
non-simple disjoint paths pi from si to ti (1 ≤ i ≤ 2), there also
two simple disjoint paths pi from si to ti . Throughout this paper, an
instance of the 2-VDPP is given by a tupel (G, s1 , s2 , t1 , t2 ), where
G = (V, E) is a graph and s1 , s2 , t1 , and t2 are the vertices of G for
which we want to find two disjoint paths leading from si to ti for
1 ≤ i ≤ 2. For an instance I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP, if
there exist two vertex-disjoint paths p1 from s1 to t1 and p2 from
s2 to t2 , we say that I has a solution and that p1 and p2 solve I.
Solving an instance I of the 2-VDPP means determining whether
there is a solution to I and, if so, to determine two paths p1 and p2
that solve I. Solving the 2-VDPP means implementing an algorithm
able to solve every instance of the 2-VDPP.
Solving the 2-VDPP on general undirected graphs G seems to be
complicated. Thus, we will reduce the problem to simpler graphs.
More precisely, we will increase the connectivity of G step by step
(for a formal definition of the connectivity k of a graph see Sect. 3).
Intuitively, as we increase the connectivity of G we also increase
the quotient of the number m of edges divided by the square of the
number n of vertices of G, and as a result G becomes a “denser”
graph. If G is dense enough, we can always find two disjoint paths
solving the 2-VDPP on G. For example, if G is a (n − 1)-connected
graph, then G is the complete graph with edges between every pair
of vertices, and, hence, in the complete graph we always can find two
disjoint paths between two given pairs of vertices. However, we hope
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there is also a k ∈ O(1) such that, for every k-connected graph, all
instances of the 2-VDPP have a solution.

Basically, our algorithm for solving the 2-VDPP follows the approach of Shiloach [28] that can be described as follows: Following
the idea of increasing the connectivity of G, we show in Sect. 4
that an instance of the 2-VDPP can be reduced, in linear time, to
an other instance (G, s1 , s2 , t1 , t2 ) of the 2-VDPP with G being a
triconnected graph. The reduction follows ideas of Itai, which are
sketched by Shiloach in [28]. In this paper we will describe in full
detail how these ideas can be implemented with the help of blockcutpoint graphs. However, unlike Itai, with a simple trick we can
avoid the computation of triconnected components. Unfortunately,
a connectivity of k = 3 will not be sufficient to guarantee a solution
for the 2-VDPP as we will see at the end of Sect. 4. However, there is
a very simple linear time algorithm of Woeginger [37] for the 2-VDPP
on planar triconnected graphs and, as observed by Shiloach [28], the
2-VDPP always has a solution in the case of a 4-connected nonplanar
graph. In Sect. 5 we describe the main ideas of solving the 2-VDPP
on 4-connected graphs. Since a 4-connected graph is a triconnected
graph without any 3-vertex-cut, in order to reduce an instance of the
2-VDPP on a triconnected graph G to an instance on a 4-connected
graph, we should try to remove all 3-vertex-cuts from G. A more
detailed look at the results given in Sect. 5 will show that in order
to guarantee a solution for the 2-VDPP we do not need to delete
all 3-vertex-cuts from G. However, all 3-vertex-cuts that separate a
vertex v from {s1 , s2 , t1 , t2 } should be deleted. In Sect. 6 we give a
short sketch of Shiloach’s approach for deleting such cuts leading to
a running time of O(mn) for the 2-VDPP. We then present a more
efficient algorithm to delete the 3-vertex-cuts. This new algorithm
leads to a running time of O(n + mα(m, n)) for solving the 2-VDPP,
which is the main result of this paper. In Sect. 7 we show how the
new algorithm for the 2-VDPP can be used to improve the running
time of the 2-EDPP.
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3

Facts and definitions

Definition 2. Two vertices v and w are k-(vertex-)connected iff v =
w or there are k internally vertex-disjoint2 paths from v to w. We
also say that v is k-connected to w. An undirected graph G is called
k-connected iff every pair of vertices v and w in G is k-connected.
We further say that, in this case, G has connectivity k.
An alternative characterization of k-connected graphs uses kvertex-cuts:
Definition 3. Let k ∈ IN and let G = (V, E) be an undirected graph
with n ≥ k + 2 vertices. Then, a (k-)vertex-cut (of G) is a set C of
k vertices such that G − C is not connected.3 If two vertices v and
w of G − C are not connected in G − C we say that C separates v
and w (in G) or that v and w are separated by C. We also say that
C separates a vertex v ∈ V − C (in G) from a set S ⊆ V or that v
can be separated from S by C (in G), if the connected component of
G − C containing v does not contain any vertex of S.
Note that for a vertex-cut C, we have defined “C separates two
vertices v and w” as it is usual in graph theory (cf. [24]), whereas,
for technical reasons, we have defined “C separates a vertex v from
a vertex set S” in an unusual way. For two vertices v and w, “C
separates v and w”, “C separates v from {w}”, and “C separates w
from {v}” are three different assertions.
Theorem 4 (Menger’s theorem, [17]4 ). Let k ∈ IN, and let G =
(V, E) be an undirected graph with n ≥ k + 2 vertices. Then G is
k-connected if there exists no (k − 1)-vertex-cut of G. Two vertices
v, w ∈ V with (v, w) 6∈ E are k-(vertex)-connected, if there is no
(k − 1)-vertex-cut of G separating v and w. Two vertices v, w ∈ V
with (v, w) ∈ E are k-(vertex)-connected, if there is no (k−2)-vertexcut of G − {(v, w)} separating v and w.
2

3

4

By internally vertex-disjoint we mean that each pair of the disjoint paths apart from
their endpoints has no vertex in common.
For short, given a graph G = (V, E) and a set W ⊆ V , we define G − W to be the
graph (V − W, E ∩ {{u, v} | u, v ∈ V − W }), and, similarly, for each set F ⊆ E, we
let G − F be the graph (V, E − F ).
More precisely, Menger considered pairs of non-adjacent vertices. The results concerning adjacent vertices were proven by Whitney [35].
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In a k-connected graph it is possible to construct disjoint paths
from one vertex to k different vertices:
Lemma 5. Given k + 1 pairwise distinct vertices v0 , v1 , v2 , . . . , vk
in a k-connected graph G, there are k paths pi from v0 to vi for
i ∈ {1, 2 . . . , k} such that the paths have no vertex in common, except
vertex v0 .
A proof of this lemma can be found in [9] (Exercise 8.1.3).
Corollary 6. Given k pairwise distinct vertices v1 , v2 , . . . , vk as well
as k pairwise distinct vertices w1 , w2 , . . . , wk in a k-connected graph
G, there exist k pairwise disjoint paths pi for i ∈ {1, 2, . . . , k} such
that pi leads from vi to a vertex in {w1 , w2 , . . . , wk }.
A proof can be found in [9] (Exercise 7.1.7 in combination with
Exercise 7.1.9). Another important and obvious fact about k-vertexcuts will be used in the later part of this paper, namely:
Corollary 7. Let p1 , p2 , . . . , pk be a set of k internally disjoint paths
in an undirected graph G = (V, E) leading from a vertex v ∈ V to
a vertex w. Then, if there is a k-vertex-cut C separating v and w,
every path pi (1 ≤ i ≤ k) visits exactly one vertex of C.
In the following we use the word “biconnected” as synonym
for “2-connected” and the word “triconnected” as synonym for “3connected”. For a 1-vertex-cut C the vertex v with v ∈ C will
be referred to as a cutpoint. Queries, referred to as k-connectivity
queries, ask whether two given vertices v and w are k-connected.
A block of a connected graph G = (V, E) is a maximal subgraph
D = (VD , ED ) of G with VD ⊆ V and ED = E ∩ VD × VD without
any cutpoint. By maximal we mean that there exists no other subgraph F = (VF , EF ) of G with EF = E ∩ VF × VF and without any
cutpoint, for which VD ⊂ VF ⊆ V holds. For example, the graph
in Fig. 1.a has a block consisting of the vertices d, e, f, and g, and
edges (d, e), (d, f ), (d, g), (e, f ), and (f, g). One important property
of blocks is given in the following lemma (cf. [9], Sect. 8):
Lemma 8. For two different blocks B1 = (V1 , E1 ) and B2 = (V2 , E2 )
we always have |V1 ∩ V2 | ≤ 1. If there is a vertex v ∈ V1 ∩ V2 , then v
is a cutpoint.
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Fig. 1. a.) A graph and b.) its block-cutpoint graph.

The block-cutpoint graph B(G) of a given connected graph G is
the graph having the set of cutpoints and blocks of G as its node
set and all pairs (c, B), where c is a cutpoint of block B, as its arcs.
Fig. 1.b shows the block-cutpoint graph of the graph in Fig. 1.a.
Blocks are denoted by circles, cutpoints by squares. For a better
understanding we refer to “nodes” and “arcs” if we mean the nodes
and arcs of the block-cutpoint graph, and to “vertices” and “edges” if
we mean the vertices and edges of G. It is well-known that the blockcutpoint graph of an undirected connected graph is always a tree that
can be constructed in linear time (cf. [9]). For a block-cutpoint graph
B(G) of a connected graph G = (V, E), we let bB(G) (w) be equal to
node w if vertex w is a cutpoint, and, if it is not, bB(G) (w) be equal
to the block containing w. We usually omit the index B(G) if it is
clear from the context. In this paper, if b(w) is equal to a block we
call it a block node, and, if it is not, a cutpoint node.
The following lemma concerning block-cutpoint graphs will be
useful for the following sections.
Lemma 9. For a pair of vertices v and w of an undirected connected
graph G, let p be the (tree) path in the block-cutpoint graph B(G)
from b(v) to b(w). Then all cutpoint nodes that are visited by p must
also be visited as vertices by every path from v to w in G, and, beside
v and w, the cutpoint nodes visited by p are the only vertices that
must be visited by every path from v to w in G.
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4

Reducing the 2-VDPP to triconnected graphs

In this section we want to reduce the 2-VDPP on general graphs
in several steps to the 2-VDPP on triconnected graphs. Shiloach
mentioned in [28] that there is a linear time algorithm of Itai for
such a reduction beginning with the following steps:
1. Reduce the 2-VDPP on an instance I = (G, s1 , t1 , s2 , t2 ) of the
2-VDPP to an instance I ′ = (G′ , s′1 , t′1 , s′2 , t′2 ) such that G′ is
biconnected.
2. Reduce the 2-VDPP on the instance (G, s1 , t1 , s2 , t2 ) resulting
from step 1 to an instance (G′ , s′1 , t′1 , s′2 , t′2 ) such that G′ is biconnected and there is no 2-vertex-cut S of G′ containing one of the
vertices s′1 , t′1 , s′2 , or t′2 .
3. Let I = (G, s1 , t1 , s2 , t2 ) be the instance of 2-VDPP resulting
from the first two steps. For each 2-vertex-cut {u, v} such that
there is a connected component D of G − {u, v} containing none
of the vertices s1 , s2 , t1 , and t2 , remove all vertices of D with their
adjacent edges from G and insert an edge between u and v, if such
an edge does not already exist.
Unfortunately, no explicit implementation of these steps are given
in Shiloach’s paper. Hence, in this paper we will give an explicit
implementation of the above steps using block-cutpoint graphs. Our
implementation is chosen in such a way that after the above three
steps we will obtain an instance I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP
with G being a triconnected graph, whereas Itai’s original algorithm
consists of some further steps. Hence, our algorithm is much simpler
than Itai’s algorithm and avoids the computation of the triconnected
components of a graph.
For our different reduction steps we use a special kind of reduction
algorithm that we will call 2PR-algorithm.
4.1

2PR-algorithms

Definition 10. We call an algorithm a 2-paths reduction algorithm
(or, for short, a 2PR-algorithm) if, started on an instance I1 =
(G, s1 , s2 , t1 , t2 ) of the 2-VDPP with G = (V, E), it either solves
I1 or determines an instance I2 = (G′ , s′1 , s′2 , t′1 , t′2 ) of the 2-VDPP
with G′ = (V ′ , E ′ ) such that the following properties hold:
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I1 has a solution iff I2 has a solution,
|V ′ | = O(|V |),
|E ′ | = O(|E|),
given a solution to I2 we can solve I1 in O(|V | + |E|) time.

Then, we also say that I1 is 2P-reduced to I2 .
As an example, in a first step, we want to reduce the 2-VDPP to
connected graphs:
It is easy to see that for an instance I = (G, s1 , s2 , t1 , t2 ) of the
2-VDPP disjoint paths p1 from s1 to t1 and p2 from s2 to t2 can only
exist, if for i ∈ {1, 2}, the vertices si and ti are part of the same
connected component of G. If this is the case, but s1 and s2 are
not contained in the same connected component, a solution to the
2-VDPP must exist and can be computed in linear time using depthfirst searches in the connected components of s1 and s2 to construct
paths from si to ti for i ∈ {1, 2}. If s1 , s2 , t1 , t2 are all part of the
same connected component C of G we can replace G by C. Every
solution on (C, s1 , s2 , t1 , t2 ) then also is a solution to I and it is easy
to see that all properties of Definition 10 hold, if we define I1 = I
and I2 = (C, s1 , s2 , t1 , t2 ). Hence, we have just presented a 2PRalgorithm reducing the 2-VDPP on general graphs to the 2-VDPP
on connected graphs.
4.2

2P-Reduction of the 2-VDPP to biconnected graphs

s2
s1

t1
t2

Fig. 2. A connected graph without a solution for the 2-VDPP.

Fig. 2 shows that instances I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP,
where G is a connected graph, do not always have a solution. Hence,
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in this section, we describe a 2PR-algorithm that, given an instance
I = (G, s1 , s2 , t1 , t2 ), where G is a connected graph, either solves I
or 2P-reduces I to an instance I ′ = (G′ , s′1 , s′2 , t′1 , t′2 ) with G′ being a
biconnected graph. This corresponds to Step 1 of Itai’s algorithm.
Given an instance I = (G, s1 , s2 , t1 , t2 ) of 2-VDPP, where G is a
connected graph, we first construct the block-cutpoint graph B(G)
of G. We root the block-cutpoint tree in node b(s1 ) (remember the
definition of b(s1 ) = bB(G) (s1 ) in Sect. 3), and, for i ∈ {1, 2}, we
define qi to be the tree path from b(si ) to b(ti ) in B(G).
Let v be the lowest common ancestor of b(s2 ) and b(t2 ) in B(G).
We consider the following cases.
Case 1: v is not visited by q1 . Then we can construct two disjoint
paths p1 from s1 to t1 and p2 from s2 to t2 in G as follows: We
construct p1 from q1 by replacing each sub-path of q1 consisting of
three consecutive nodes c1 , b, c2 such that c1 and c2 are cutpoint
nodes, and b is a block node, by a path from c1 to c2 in G only
visiting vertices of the block represented by b, but not visiting node
v, if v is a cutpoint node. Note that such a path from c1 to c2 must
exist, since block b is biconnected. Similarly, if b(s1 ) is a block node
and c is a cutpoint node visited immediately after vertex b(s1 ) by q1
we replace the sub-path of q1 from b(s1 ) to c by a path from s1 to c
in G that only visits vertices w ∈ b(s1 ) and, if v is a cutpoint node,
does not visit vertex v; if b(t1 ) is a block node and c is a cutpoint
node visited immediately before b(t1 ) by q1 , we replace the sub-path
of q1 leading from c to b(t1 ) by a path from c to t1 in G that only
visits vertices w ∈ b(t1 ) and, if v is a cutpoint node, does not visit
vertex v. In the special case where b(s1 ) = b(t1 ) we just choose for
p1 a path from s1 to t1 in b(s1 ) that, if v is a cutpoint node, does not
visit v. p2 is constructed in the same way but instead of not visiting
v we do not allow p2 to visit the father of v in B(G) if the father of
v is a cutpoint node.
To see that p1 and p2 are vertex-disjoint, we can conclude from
Lemma 8 that the paths can only intersect each other in one or more
cutpoints. But, for 1 ≤ i ≤ 2, the set Ci of all cutpoints visited by
path pi is a subset of the set of all cutpoint nodes visited by qi or
neighbored to a block node visited by qi . Thus, C1 ∩ C2 can contain
at most one vertex either equal to v, if v is a cutpoint node, or equal
to the father of v, if the father of v is a cutpoint node. However, we
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have already shown that in the first case p1 does not visit vertex v,
and in the second case p2 does not visit the father of v. Hence, p1
and p2 are disjoint.
Case 2: v is visited by q1 . Then, if v is a cutpoint node, according
to Lemma 9 v must be visited by every path from s1 to t1 in G as
well as by every path from s2 to t2 in G. Hence, in this case, our
instance of the 2-VDPP has no solution. The same is true if one of
the children of v in b(G) is visited by both paths, q1 and q2 (then v
or its child is a cutpoint node and this cutpoint must be visited by
every path pi from si to ti (1 ≤ i ≤ 2)).
Let us now assume that v is not a cutpoint node and that there
is no child of v in B(G) visited by q1 and q2 . For i ∈ {1, 2}, let us
define s′i to be the cutpoint node visited by qi immediately before v,
or, if such a cutpoint node does not exist, s′i := si , and, similarly,
let us define t′i to be the cutpoint node visited by qi immediately
after v, or, if such a cutpoint node does not exist, t′i := ti . Then,
as in Case 1, it is easy to construct, for i ∈ {1, 2}, disjoint paths
from si to s′i and t′i to ti such that every path visits only vertices w
with b(w) lying on the sub-path of qi from b(si ) to b(s′i ) or from b(t′i )
to b(ti ), respectively, and, moreover, s′1 , s′2 , t′1 , and t′2 are the only
vertices of block v that are visited by the constructed paths. Then,
if there are two disjoint paths p′1 from s′1 to t′1 and p′2 from s′2 to t′2
the concatenation of the path from s1 to s′1 , p′1 and the path from
t′1 to t1 and the concatenation of the path from s2 to s′2 , p′2 , and the
path from t′2 to t2 describe two disjoint paths that solve our instance
of the 2-VDPP. Conversely, since, for i ∈ {1, 2}, the vertices s′i and t′i
must be visited by every path from si to ti , there can be no solution
to the 2-VDPP in G if there are no two disjoint paths from s′1 to t′1
and s′2 to t′2 in block v. Hence, our problem can be reduced to the
problem of finding two disjoint paths from s′1 to t′1 and s′2 to t′2 in
the biconnected graph consisting of block v.
4.3

2P-Reduction of the 2-VDPP to triconnected graphs

Fig. 3 shows that instances I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP,
where G is a biconnected graph, do not always have a solution.
Hence, in this section, we describe a 2PR-algorithm that, given an
instance I = (G, s1 , s2 , t1 , t2 ), where G is a biconnected graph, either
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Fig. 3. A biconnected graph without a solution for the 2-VDPP.

solves I or 2P-reduces I to an instance I ′ = (G′ , s′1 , s′2 , t′1 , t′2 ) with G′
being a triconnected graph. This reduction corresponds to the Steps
2 and 3 of Itai’s algorithm.
In simple terms, our 2PR-algorithm in Sect. 4.2 consists of removing all cutpoints of our instance. We now want to remove all
2-vertex-cuts. We start with Step 2 of Itai’s algorithm, but we split
this step into two substeps.
2a: Remove all 2-vertex-cuts of the form {si , v} or {ti , w} with v, w ∈
V \ {sj , tj } and {i, j} = {1, 2} that separates sj and tj .
2b: Remove all remaining 2-vertex-cuts C with C ∩{s1 , s2 , t1 , t2 } =
6 ∅.
Step 2a: We can simply determine whether {si , ti } is a 2-vertexcut separating sj and tj by simply testing if sj and tj are part of
different connected components of G − {si , ti } and, if so, no solution
of the 2-VDPP can exist. All other separators {si , v} or {ti , v} with
v ∈ V − {si , ti , sj , tj } and separating sj and tj can be removed by
adding edges (s1 , s2 ), (s1 , t2 ), (t1 , s2 ), and (t1 , t2 ) to G, if they do not
already exist. This does not change the solvability of the 2-VDPP,
because these edges cannot be used by two disjoint paths p1 from
s1 to t1 and p2 from s2 to t2 . However, for i, j with {i, j} = {1, 2},
in the new graph G there is no 2-vertex-cut {si , v} or {ti , v} with
v 6∈ {si , ti , sj , tj } separating sj and tj , since due to the edges (sj , ti )
and (ti , tj ) or (sj , si ) and (si , tj ), respectively, sj and tj are part of
the same connected component in G − {si , v} or G − {ti , v}.
Step 2b: In order to remove all of the remaining 2-vertex-cuts
{v, w} with s1 ∈ {v, w}, we construct the block-cutpoint graph of
G − {s1 }. If the block-cutpoint graph consists of only one block node
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and no cutpoint nodes there is no 2-vertex-cut C of G with s1 ∈
C. Otherwise the set {(s1 , v) | v is a cutpoint of G − {s1 }} is exactly
the set of all 2-vertex-cuts of G containing vertex s1 . Let us now
consider an arbitrary cutpoint node v of the block-cutpoint graph
B(G − {s1 }). If we remove v from B(G − {s1 }) the resulting graph is
divided in several connected components that are subtrees of B(G −
{s1 }). More precisely, we have one subtree that we call the parent
tree of v that contains the parent of v, if v has a parent, and several
trees that contain exactly one child of v that we call childtrees. In
the following we distinguish between two cases depending on whether
t1 = v or not. We do not consider any case where there is a 2-vertexcut {si , v} or {ti , w} with v, w ∈ V \ {sj , tj } and {i, j} = {1, 2}
that separates sj and tj , since we have shown that such cases can
be excluded. We illustrate the following Cases 1 and 2 in Fig. 4,
where, for simplicity, we let v be the root of the block-cutpoint graph
B(G − {s1 }).
Case 1: t1 = v. We know that b(s2 ) and b(t2 ) lie in the same
parent or child tree T (otherwise b(s2 ) and b(t2 ) are separated by a
2-vertex-cut of G containing s1 ). Since v is a cutpoint node, there
is also another parent or child tree T ′ not containing b(s2 ). G being
a biconnected graph, for every vertex w with b(w) ∈ T ′ , there must
be two disjoint paths from w to t2 one visiting vertex v and the
other visiting vertex s1 . Hence, there is a vertex u with b(u) ∈ T ′
and (u, s1 ) ∈ E. We can conclude that in Case 1 we can construct
two disjoint paths q1 from b(u) to b(t1 ) and q2 from b(s2 ) to b(t2 )
in B(G − {s1 }). Using the same techniques as in Sect. 4.2, we can
replace the paths q1 and q2 by two disjoint paths p′1 from u to t1 and
p2 from s2 to t2 in G−{s1 }. By concatenating edge (s1 , u) and p′1 , we
now have constructed two disjoint paths thus solving our instance of
the 2-VDPP (see Fig. 4).
Case 2: t1 6= v. Then, since t1 , s2 , and t2 are connected by the
edges (s2 , t1 ), (t2 , t1 ), the child or parent tree T containing b(t1 ) contains at least one of the nodes b(t2 ) and b(s2 ) (note that if T contains
exactly one of the nodes b(t2 ) and b(s2 ) the other one must be equal
to v). As in Case 1 there must be another parent or child tree T ′
different from T that contains a node b(u) for a vertex u ∈ V with
(s1 , u) ∈ E. Hence, there is a path from node v to node b(u) in
B(G − {s1 }) not visiting any node in T . This path can be replaced
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Fig. 4. Removing all 2-vertex-cuts {s1 , v} with v ∈ V − {s1 }.

by a path p from v to u in G not visiting any vertex w with b(w) ∈ T .
This means that, if there are disjoint paths p′1 from v to t1 and p2
from s2 to t2 in G visiting only vertices w with w = v or b(w) in T ,
then p′1 can be extended to a path from s1 to t1 such that p1 and p2
solve our original instance of the 2-VDPP. Conversely, it is easy to
show that for two disjoint paths p1 and p2 solving our original instance of the 2-VDPP, only the path from s1 to t1 can visit vertex v
and, if so, this path after visiting vertex v visits only vertices w with
b(w) in T . Hence, our instance of the 2-VDPP can be 2P-reduced
to an instance (G′ , s1 , s2 , t1 , t2 ), where G′ is the graph obtained from
G by deleting all vertices w∈V − {s1 , v} for which b(w) is not contained in T and by adding an edge (s1 , v) to G, if this edge does not
already exist (note that this reduction also works in the special case
where v ∈ {s2 , t2 }). If T consists of more than one block node we
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recursively have to consider the block-cutpoint graph B(G′ − {s1 })
which is equal to T .
We just have demonstrated how we can 2P-reduce our given
instance I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP to a new instance
I ′ = (G′ , s1 , s2 , t1 , t2 ) such that in G′ there is no 2-vertex-cut C
containing vertex s1 . Such a reduction does not create any new 2vertex-cuts C that do not exist in G. It is easy to see that the
reduction runs in linear time, since in Case 1 a solution can be constructed in O(m) time, whereas in Case 2 we obtain a smaller graph
in a time that is linear in the number of edges and vertices that
are removed from G by the reduction. In the same way as we have
removed all 2-vertex-cuts C containing vertex s1 we can also remove
all 2-vertex-cuts containing one of the vertices s2 , t1 , or t2 .
Step 3: In Step 3 we want to remove from G all 2-vertex-cuts
C for which there is a connected component D in G − C with D ∩
{s1 , s2 , t1 , t2 } = ∅. More precisely, given such a vertex-cut C and
connected component D with D ∩ {s1 , s2 , t1 , t2 } = ∅, we do not
remove C from G but rather the connected component:
Lemma 11 (Itai, cf. Shiloach [28]). Let C be a 2-vertex-cut of G,
let D be a connected component of G −C with D ∩{s1 , s2 , t1 , t2 } = ∅,
and, finally, let G′ be the graph obtained from G by removing all vertices of D with their adjacent edges and adding an edge between the
vertices of C if this edge does not already exist. Then (G, s1 , s2 , t1 , t2 )
is 2P -reduced to (G′ , s1 , s2 , t1 , t2 ). Moreover, G′ is biconnected.
Since there is no explicit proof of this lemma in [28], we prove it
explicitly in this paper:
Proof. Suppose we are given disjoint paths p1 and p2 in G with p1
leading from a vertex v1 of G′ to a vertex w1 of G′ and p2 leading
from a vertex v2 of G′ to a vertex w2 of G′ . Since C is a 2-vertexcut only one of the two paths can visit a vertex w in the connected
component D of G − C with D ∩ {s1 , s2 , t1 , t2 } = ∅ and this path
must visit one of the vertices of C before w and the other vertex
of C after w. Hence, we can replace the sub-path between the two
vertices of C in G by the edge between the two vertices of C in order
to obtain disjoint paths from v1 to w1 and from v2 to w2 in G′ . This
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shows that there are two disjoint paths p1 from s1 to t1 and p2 from
s2 to t2 in G′ if there are such paths in G and that G′ is biconnected.
Conversely, given disjoint paths p1 from s1 to t1 and p2 from s2
to t2 in G′ such that one of the paths uses the edge between the
vertices of C, we can construct disjoint paths from s1 to t1 and from
s2 to t2 in G in the following way: We replace the edge between
the vertices in C by a path between the vertices in C that apart
from its endpoints only visits vertices of D. Since D is a connected
component such a path must exist and can be found by a breadthfirst search. It is obvious that given p1 and p2 the new paths can be
constructed in a time linear in the number of edges and vertices of
D, p1 , and p2 .
⊔
⊓
After having reduced G to a smaller graph G′ , as defined in
Lemma 11, we recursively apply Lemma 11 to G′ and to all subsequently resulting graphs. Since there may be more than a constant
number of graph replacements, we have to ensure that even a series
of reductions reducing our original graph G to a new graph G∗ results in a 2PR-algorithm, i.e., given two disjoint paths pi between the
vertices si and ti for 1 ≤ i ≤ 2 on G∗ we can construct two disjoint
paths solving our instance of the 2-VDPP on G in linear time. This
is easy, since we only have to walk along the paths p1 and p2 and if
we detect an edge e that was inserted by a reduction as described
in Lemma 11, we replace it recursively as according to the proof of
Lemma 11. Since we replace e by a path visiting only edges that are
deleted by the reduction inserting edge e, and since each reduction
step inserts only one edge, and, finally, since the edges deleted from
G in different reductions are disjoint, the time needed for all edge
replacements sums up to O(m).
It remains to show how we can find a 2-vertex-cut C such that
there is a connected component D of G−C with D ∩{s1 , s2 , t1 , t2 } =
∅, and how we can find all components D with this property. We
therefore insert an extra vertex x and edges (x, s1 ), (x, s2 ), (x, t1 ),
and (x, t2 ) to G. If we let Gx be the resulting graph, the following
lemma holds:
Lemma 12. Let k ∈ IN. For a vertex v in a graph G, there is a
k-vertex-cut C such that v is contained in a connected component D
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of G − C with D ∩ {s1 , s2 , t1 , t2 } = ∅ if and only if x is not (k + 1)connected to v in Gx .
Proof. If, for a k-vertex-cut C, there is a connected component D
of G − C with D ∩ {s1 , s2 , t1 , t2 } = ∅, then D is also a connected
component of Gx − C, since adding an extra vertex x and edges
between x and the vertices of {s1 , s2 , t1 , t2 } will not produce any
changes in D. Hence, if v is a vertex contained in D, x and v are not
contained in the same connected component of Gx − C. This means
that x is not (k + 1)-connected to v in Gx .
Conversely, if x is not (k + 1)-connected to v in Gx , then there
is a k-vertex-cut C separating x and v in Gx . Since x is connected
to the vertices s1 , s2 , t1 , and t2 by the edges (x, s1 ), (x, s2 ), (x, t1 ),
and (x, t2 ), the vertices s1 , s2 , t1 , and t2 lie either in C or in the
same connected component as vertex x. Hence, none of the vertices
s1 , s2 , t1 , t2 lie in the same connected component as v in Gx − C, and
we can conclude that the same holds for graph G − C.
⊔
⊓
According to Lemma 11, in order to find a vertex that is separated
from {s1 , s2 , t1 , t2 } by a 2-vertex-cut C of G, we only need to search
for a vertex in Gx that is not 3-connected to x. We can construct
a list of such vertices by using a data structure of Di Battista and
Tammassia [2] which after a preprocessing time of O(m + n) allows
us to test in constant time whether two vertices are 3-connected or
not. Thus, if we want to know the vertices that are not 3-connected
to x, a complete list of such vertices can be constructed in linear
time.
In order to delete all vertices that are not 3-vertex-connected to
x, we follow an aproach of an anonymous referee of this paper, since
his aproach is shorter and easier than the original reduction used in
a preversion of this paper:
Let us mark all vertices that are not 3-vertex-connected to x and
let us define U to be the set of unmarked vertices. Then the following
Lemma holds:
Lemma 13. For each connected component D of Gx −U the number
of unmarked vertices v in G such that there is an edge between v and
a vertex of D is exactly two.
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Proof. Since Gx is biconnected, there must be at least two unmarked
vertices u1 and u2 with an edge leading from u1 or u2 , respectively,
to a vertex of D. Assume now that there are three unmarked vertices
u1 , u2 , and u3 that are connected to a vertex of D by an edge and let
us define S to be a spanning tree of D. Let us add three additional
edges to S connecting each of the vertices u1 , u2 , and u3 with a vertex
of S and let T be the resulting tree. If we define p1 to be the unique
simple path from u1 to u2 in T, p2 to be the unique simple path
from u1 to u3 in T , and, finally, u to be the last vertex on p1 and
p2 visited by both paths, u must be a vertex of S that is 3-vertexconnected to x: No 2-vertex-cut can remove vertices from all three
simple paths in T from u to u1 , from u to u2 and from u to u3 , and,
for 1 ≤ i ≤ 3, no 2-vertex-cut can remove vertices from more than
two disjoint paths from ui to x in G. But as a vertex of S we know
that u cannot be 3-vertex connected to x. Hence, our assumption,
that three unmarked vertices are connected to a vertex of D must
be wrong.
⊔
⊓
Starting in a marked vertex v, we can determine the two unmarked vertices u1 and u2 that are connected to the connected component D of Gx −{u1 , u2 } containing v by a depth-first search visiting
only edges adjacent to a vertex of D. Given u1 and u2 we replace G
and Gx according to Lemma 11 taking C = {u1 , u2 }. It is easy to
see that a vertex of the remaining graph Gx is 3-vertex-connected to
x if and only if this was true before the update. Hence, recursively
repeating these steps for each connected component of Gx − U results in a graph G with no 2-vertex-cut C of G having a connected
component D of G − C with D ∩ {s1 , s2 , t1 , t2 } = ∅. Moreover, it is
easy to see that the running for removing all marked vertices can be
bounded by O(m).
Up to now, we followed the sketch of Itai’s 2P-reduction of an
instance of the 2-VDPP to another instance of the 2-VDPP defined
on a triconnected graph. Like Itai we started with removing cutpoints in Sect. 4.2, and later removing special kinds of 2-vertex-cuts.
From now on, we will no longer follow the sketch of Itai’s reduction
anymore, which consists of some more reduction steps removing the
remaining 2-vertex-cuts. Instead, we use a special property of our
own implementation of Itai’s reduction algorithm: Remember that
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at the beginning of Sect. 4.3 on page 14 we have inserted extra edges
(s1 , s2 ), (s1 , t2 ), (t1 , s2 ), and (t1 , t2 ) to our graph and note that none of
the following reductions has removed these edges. These extra edges
now guarantee that our graph after all reductions is triconnected:
Lemma 14. The graph G of the instance I = (G, s1 , s2 , t1 , t2 ) resulting from the reductions described in this section is triconnected.
Proof. Let us suppose that G is not triconnected. Then there exists
at least one 2-vertex-cut C ′ of G. Let D1 be the connected component
that contains s1 . D1 must exist, since C ′ ∩{s1 , s2 , t1 , t2 } = ∅. Since s1
is connected to s2 by (s1 , s2 ) and to t2 by (s1 , t2 ), s2 and t2 are also
contained in D1 and with the same argument we can conclude that
D1 also contains t1 . Hence, there exists at least one component D2
containing no vertex of {s1 , s2 , t1 , t2 }. But we have already removed
all 2-vertex-cuts C of G such that there is a connected component
D in G − C with D ∩ {s1 , s2 , t1 , t2 } = ∅.
⊔
⊓
Thus, we have shown:
Theorem 15 (Itai, cf. Shiloach [28]). There is a 2PR-algorithm
that, given an instance I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP, in O(m)
time, either solves I or reduces I to an instance I ′ = (G′ , s′1 , s′2 , t′1 , t′2 )
of the 2-VDPP such that G′ is a triconnected graph.
We now might hope that on instances I = (G, s1 , s2 , t1 , t2 ) of
the 2-VDPP, where G is a triconnected graph, there are always two
disjoint paths p1 , from s1 to t1 , and p2 , from s2 to t2 . Unfortunately,
Fig. 5 shows that this is not true.
Hence, we might therefore think of searching for a 2PR-algorithm
that reduces a given instance I = (G, s1, s2 , t1 , t2 ), where G is a
triconnected graph, to an instance I ′ = (G′ , s′1 , s′2 , t′1 , t′2 ) with G′
being a 4-connected graph. But before doing this, let us try to solve
the 2-VDPP on 4-connected graphs:

5

Solving the 2-VDPP on 4-connected graphs

In this section we want to solve the 2-VDPP on 4-connected graphs.
On 3-connected and, hence, also on 4-connected planar graphs there
is a linear time algorithm for solving the 2-VDPP:
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Fig. 5. A triconnected graph without a solution for the 2-VDPP.

Theorem 16 (Perl and Shiloach, [20]). On a triconnected planar
graph the 2-VDPP is solvable in linear time.
The interested reader will find a very simple and short proof of
Theorem 16 in a paper of Woeginger [37].
We now to sketch how and why Shiloach’s algorithm [28] always
finds a solution of the 2-VDPP on 4-connected nonplanar graphs.
However, the reader only needs to know the Theorems 16 and 20
to understand the following sections of this paper. Thus, the reader
may notice these theorems and skip the rest of this section.
Using Definition 17 and 18 we will give in Lemma 19 a well-known
characterization of planar graphs, which, implicitly, also characterizes nonplanar graphs.

a.)

b.)

Fig. 6. a.) The K5 and b.) the K3,3 .
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Definition 17. The K5 is the undirected graph without any loop5
that consists of five vertices and edges between every pair of different
vertices (cf. Fig. 6.a). The K3,3 is the undirected graph that consists
of two sets S1 and S2 of three vertices and edges between every vertex
of S1 and every vertex of S2 , but has no other edges (see Fig. 6.b).
Definition 18. A graph G1 is a subdivision of a graph G2 if G1 is
obtained from G2 by replacing each edge (u, v) by a path from u to v
such that the paths for each pair of distinct edges apart from at most
one common endpoint are disjoint.
Lemma 19 (Kuratowski [14]). An undirected graph is planar if
and only if it contains no subgraph that is a subdivision of K5 or
K3,3 .
It is very easy to solve the 2-VDPP on a 4-connected nonplanar graph G containing K5 as a subgraph: First, we construct four
disjoint paths from s1 , s2 , t1 , t2 to four pairwise distinct endpoints of
the K5 . Such paths must exist due to Corollary 6. We then just connect the endpoints k1 ∈ K5 and k2 ∈ K5 of the constructed paths
starting in s1 and t1 , respectively, by edge (k1 , k2 ), and, similarly,
connect the endpoints k3 ∈ K5 and k4 ∈ K5 of the paths starting
in s2 and t2 , respectively, by edge (k3 , k4 ). The resulting paths solve
our instance of the 2-VDPP. We can use nearly the same idea to find
two disjoint paths solving an instance of the 2-VDPP if G contains
K3,3 as a subgraph (instead of connecting the endpoints by just one
edge we may need two edges to connect the endpoints. Moreover, in
this case, w.l.o.g. we should assume that before reaching an endpoint
in K3,3 each of the constructed disjoint paths from the vertices in
{s1 , s2 , t1 , t2 } to four vertices k1 , k2 , k3 , k4 ∈ K3,3 should not visit any
other vertex of the K3,3 ).
If a 4-connected nonplanar graph G does not contain K5 or K3,3
as subgraphs, but contains a subgraph which is a subdivision of K5
or K3,3 , constructing disjoint paths is somewhat more complicated:
For example, have a look at the graph of Fig. 7.a. It is easy to
see that there are paths consisting of the dotted edges in Fig. 7.a
between each pair of v1 , w1, v2 , w2 , and z such that the paths for
5

A loop is an edge having the same vertex as its endpoints.
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Fig. 7. a.) A routing problem and b.) its solution if G contains a subdivision of K5 .

different pairs of vertices have at most one of their endpoints in
common. We can conclude that the subgraph induced by the vertices
v1 , w1 , v2 , w2 , x, y, and z is a subdivision of K5 . As above, let us start
with constructing four disjoint paths from the vertices s1 , s2 , t1 , and
t2 to the vertices v1 , v2 , w1 , and w2 as shown in Fig. 7.a (the solid
lines represent the constructed paths). We now have the problem
that v1 and w1 are not directly connected by an edge, but only by
a path like the path consisting of the edges (v1 , x) and (x, w1 ) with
x being visited by the one of the four constructed paths leading
from s2 to v2 . A more precise look at Fig. 7.a shows that the four
constructed paths from si to vi and ti to wi (1 ≤ i ≤ 2), can not be
extended to two disjoint paths leading from s1 to t1 and from s2 to
t2 . Nevertheless, there may be another routing defining two disjoint
paths as shown in Fig. 7.b. Indeed, Watkins [34] showed that in a
4-connected nonplanar graph containing a subdivision of K5 each
instance of the 2-VDPP has a solution. Shiloach [28] proved that the
same is true of 4-connected nonplanar graphs containing a subgraph
that is a subdivision of K3,3 . Moreover, given an instance of the 2VDPP on a nonplanar 4-connected graph containing a subdivision
of K5 or K3,3 and given this subdivision, the algorithms of Watkins
and Shiloach determine in linear time two paths solving the instance
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of the 2-VDPP. Hopcroft and Tarjan showed [8] that it is possible to
test whether a given graph contains a subgraph that is a subdivision
of K3,3 or K5 in linear time and Wiliamson [36] showed that in this
case such a subgraph can be determined again in linear time. A
more precise look at Shiloach’s and Watkins’ algorithm shows that
G does not really need to be 4-connected. As already observed by
Shiloach in [28] the algorithms of Shiloach and Watkins work on all
triconnected nonplanar graphs in which there are four disjoint paths
between s1 , s2 , t1 , t2 and every set S of at most four vertices (in the
case of |S| ≤ 3 we allow the endpoints of the four paths in S to
overlap). We can conclude:
Theorem 20 (Shiloach [28]). Let G = (V, E) be a triconnected
nonplanar graph for which there are four disjoint paths between s1 , s2 ,
t1 , t2 and every set S⊆ V − {s1 , s2 , t1 , t2 } with |S| ≤ 4, except that
in the case of |S| < 4 the endpoints of the paths in S may overlap.
Then, the 2-VDPP on (G, s1 , s2 , t1 , t2 ) can be solved in linear time.
For a detailed proof have a look at the papers of Shiloach [28],
of Watkins [34], and of Wiliamson [36].

6

An O(n + mα(m, n))-time algorithm for the
2-VDPP

As we have already seen in Sect. 5, for solving the 2-VDPP in O(n +
mα(m, n)) time on undirected graphs, we only need to show that,
given an instance I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP, where G is
a triconnected graph, it is possible to 2P-reduce I, in O(mα(m, n))
time, to an instance I ′ = (G′ , s1 , s2 , t1 , t2 ) of the 2-VDPP, where
G′ = (V ′ , E ′ ) is a triconnected graph such that there are four disjoint
paths from s1 , s2 , t1 , and t2 to any other set S ⊆ V ′ − {s1 , s2 , t1 , t2 }
with at most four vertices (except that the end points in S may
overlap). For this purpose we will make use of the following lemma,
which was implicitly proven in reduction R3 of Shiloach’s paper [28].
Lemma 21 (Shiloach, [28]). Let I = (G, s1 , s2 , t1 , t2 ) be an instance of the 2-VDPP, where G = (V, E) is a triconnected graph.
If there is a set S ⊆ V − {s1 , s2 , t1 , t2 } with at most four vertices
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Fig. 8. A graph G and the ∆-replacement G′ of G by the 3-vertex-cut C = {a, b, c}
removing v. The dashed lines represent newly inserted edges.

such that there are no four disjoint paths from s1 , s2 , t1 , and t2 to S,
where the endpoints of the paths are allowed to overlap, then there is
a 3-vertex-cut C of G that separates at least one vertex v ∈ V from
{s1 , s2 , t1 , t2 }.
From Lemma 21 it follows that, if G contains no triangular cut
separating a vertex v from {s1 , s2 , t1 , t2 }, there are four paths from
s1 , s2 , t1 , and t2 to any other subset S ⊆ V −{s1 , s2 , t1 , t2 } and, hence,
our instance of the 2-VDPP can be solved in linear time on G. For
reducing our original triconnected graph G to a graph without any
triangular cut separating a vertex v from {s1 , s2 , t1 , t2 }, we make use
of so-called triangle-replacements:
Suppose we are given an instance I = (G, s1 , s2 , t1 , t2 ) of the
2-VDPP such that there exist vertices v1 , v2 , . . . , vl in G and a 3vertex-cut C = {a, b, c} that separates each of the vertices v1 , . . . , vl
from {s1 , s2 , t1 , t2 }. Like Gustedt in [7], we call a graph G′ a trianglereplacement of G by C (removing the vertices v1 , . . . , vl ) or, for short,
a ∆-replacement of G by C if it is obtained from G by deleting all
vertices of the connected components of G−C containing the vertices
v1 , . . . , vl together with their adjacent edges and by inserting edges
between all pairs of vertices of C that are not already connected by
an edge (see Fig. 8). Sometimes we also call the replacement step
that replaces G by G′ a ∆-replacement.
The reader may have noticed that a ∆-replacement seems to be
very similar to the replacement given Lemma 11. Indeed, we try to
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delete all 3-vertex-cuts separating a vertex v from {s1 , s2 , t1 , t2 } in
the same way as we have deleted 2-vertex-cuts separating a vertex v
from {s1 , s2 , t1 , t2 } in Section 4.3, except that the connectivity degree
is increased by 1. Some lemmas of Section 4.3 will have corresponding lemmas in this section. However, one fact implicitely used in
Section 4.3 and making it easy to remove 2-vertex-cuts from G does
not hold for 3-vertex-cuts: If after the replacement of G according
to Lemma 11 we search for k ≤ 3 internally disjoint paths between
to vertices u and v we know that such paths exist if and only if such
paths exist before the update, whereas a corresponding fact for k ≤ 4
internally disjoint paths between to vertices a ∆-replacement does
not hold. Thus, we have to find out in much more detail in which
cases the existence or noexistence of disjoint paths are preserved
after a ∆-replacement.
Let us define a set of k paths p1 , . . . , pk to be quasi internally
disjoint (or, for short, q.i. disjoint) if they are pairwise edge-disjoint
and, for all i, j ∈ {1, . . . , k} with i 6= j, no inner vertex of pi appears
on pj . Then, Lemma 22 describes in which cases the existence of
disjoint paths pi from a vertex ui to a vertex vi is preserved after
a series of ∆-replacements by 3-vertex-cuts C1 , C2 , . . . , Cl . The conS
dition, that, for all ui ∈ lr=1 Cr , there is no j 6= i with ui = uj is
chosen in such a way, that it includes the case of two disjoint paths
from s1 to t1 and s2 to t2 with two or more vertices lying in one of
the 3-vertex-cuts C1 , C2 , . . . , Cl , but, in order to guarantee the correctness of the lemma, excludes the case where u1 = . . . = uk and
v1 = . . . = vk and v1 and u1 are vertices of the same 3-vertex-cut Ci
.
Lemma 22. Let G1 = (V1 , E1 ) be a triconnected graph and G2 =
(V2 , E2 ) be a graph obtained by a series of ∆-replacements of G1 by
3-vertex-cuts C1 , C2 , . . . , Cl in this order. Let u1 , . . . , uk , v1 , . . . , vk
be vertices of V2 with {u1 , . . . , uk } ∩ {v1 , . . . , vk } = ∅. If, for all ui ∈
Sl
r=1 Cr , there is no j 6= i with ui = uj , and if there are k q.i. disjoint
paths pi (1 ≤ i ≤ k) in G1 leading from ui to vi , there are also k
q.i. disjoint paths qi from ui to vi in G2 , where qi visits a subset of the
vertices visited by pi . Conversely, if u1 , . . . , uk , v1 , . . . , vk are pairwise
distinct and if there are k disjoint paths qi (1 ≤ i ≤ k) in G2 leading
from ui to vi , then there are also k disjoint paths pi (1 ≤ i ≤ k)
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in G1 leading from ui to vi . Given, for each ∆-replacement with 3vertex-cut Cj , the vertices of Cj as well as a vertex xj removed by
this ∆-replacement, such paths p1 , . . . , pk can be constructed from
q1 , . . . , qk in O(|V1| + |E1 |) time.
S

Proof. First, assume that, for all 1 ≤ i ≤ k with ui ∈ lr=1 Cr , there
is no j with 1 ≤ j ≤ k and i 6= j such that ui = uj . Let p1 , . . . , pk
be k q.i. disjoint paths in G1 leading from ui to vi (1 ≤ i ≤ k).
We first prove that, for 0 ≤ j ≤ l, the following is true: The graph
Hj obtained from the ∆-replacements of G1 by the 3-vertex-cuts
C1 , . . . , Cj in this order contains k q.i. disjoint paths p′1 , . . . , p′k with
p′i (1 ≤ i ≤ k) leading from ui to vi and visiting a subset of the
vertices visited by pi .
Clearly, the assertion holds for j = 0. Let us now assume that
the assertion holds for an arbitrary j ∈ {0, . . . , l − 1}, i.e. there are
k q.i. disjoint paths p′1 , . . . , p′k in Hj with the properties described
above. If none of the paths p′1 , . . . , p′k visits an edge outside of graph
Hj+1 the assertion holds also for j + 1. Otherwise, at least one path
p of the paths p′1 , . . . , p′k uses an edge (a, b) that is deleted from Hj
after the ∆-replacement of Hj by Cj+1. p must also visit a vertex
c ∈ Cj+1 before following the edge (a, b) and a vertex d ∈ Cj+1 after
having reached (a, b). We can now replace the sub-path of p between
c and d by edge (c, d). It is easy to see that, after this replacement,
the paths p′1 , . . . , p′k remain pairwise q.i. disjoint (here we use the
S
fact that for each ui ∈ lr=1 Cr there is no i 6= j with ui = uj ).
We may need to repeat this step one more time in order to obtain
k pairwise q.i. disjoint paths p′′1 , . . . , p′′k such that no path uses an
edge that is deleted from Hj after the ∆-replacement of Hj by Cj+1 ,
and such that the vertices visited by p′′i are a subset of the vertices
visited by p′i and, hence, a subset of the vertices visited by pi . After
this replacement it is easy to see that the invariant also holds for
j + 1.
Conversely, let us assume that u1 , . . . , uk , v1 , . . . , vk are pairwise
distinct and that there are k disjoint paths q1 , . . . , qk in G2 with
qi (1 ≤ i ≤ k) leading from ui to vi . If one of the paths uses an
edge e = (a, b) with e 6∈ E1 that was inserted by the ∆-replacement
with 3-vertex-cut Cj , we replace this edge by a replacement path
constructed as follows:
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Let Hj−1 = (V ′ , E ′ ) and Hj = (V ∗ , E ∗ ) again be the graphs obtained from the ∆-replacements of G1 by the 3-vertex-cuts C1 , . . . ,
Cj−1 or C1 , . . . , Cj , respectively. Moreover, let xj be a vertex removed
by the ∆-replacement with 3-vertex-cut Cj . Construct with standard
network flow techniques three disjoint paths q1′ , q2′ , and q3′ in Hj−1
starting from xj , but each leading to its own endpoint in Cj (such
paths must exist, since they exist in the triconnected graph H0 = G1
and since we have already shown that therefore the same must be
true of graph Hj−1 ). q1′ , q2′ , and q3′ visit only edges in E ′ − E ∗ . Otherwise, before visiting an edge in E ∗ , they would visit a vertex in Cj ,
and hence they cannot be both simple and disjoint (remember that
we have defined paths to be simple paths). We define the replacement path for edge (a, b) to be the path from a to b resulting from
the concatenation of the two paths of q1′ , q2′ , and q3′ leading from the
common vertex xj to either a or b, respectively (the path from xj to
a should be visited in reverse direction).
Note that for fixed j, due to the simplicity of q1 , . . . , qk no paths
of q1 , . . . qk can visit more than two of the edges inserted by the
∆-replacement with 3-vertex-cut Cj , and if there is a path visiting
two such edges e1 and e2 , e1 must be visited immediately before
or immediately after e2 . Hence, in this case the two edges can be
replaced by the third edge e3 between the vertices of Cj , and in a
next step by the replacement path for e3 . This guarantees that after
replacing edges by their replacement paths the paths are still simple.
We have to show that even after recursively replacing all edges
e 6∈ E1 by their replacement paths the resulting k paths p1 , . . . , pk are
disjoint. Note that the replacement paths for the new edges inserted
by one ∆-replacement are not disjoint. This is not necessary, since
only one of k disjoint paths from ui to vi (1 ≤ i ≤ k) can visit
one or two of the three newly inserted edges. However, replacement
paths constructed in different ∆-replacements are disjoint since the
edges of the replacement paths are deleted after the ∆-replacement
for which they have been constructed. Hence, the paths obtained by
replacing each edge e 6∈ E1 by its replacement path must be disjoint.
Finally, note that the construction of a replacement path is dominated by the time needed to determine the three disjoint paths from
xj to the different vertices of Cj on the subgraph of Hj−1 that is
deleted after the ∆-replacement of Hj−1 by Cj . Hence, we obtain a
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running time of O(|V1| + |E1 |) for replacing all edges e 6∈ E1 by their
replacement paths.
⊔
⊓

In order to delete all 3-vertex-cuts separating a vertex v from
{s1 , s2 , t1 , t2 }, we repeatedly search for such a vertex v of G separated from {s1 , s2 , t1 , t2 } by a 3-vertex-cut C and replace I by
I ∗ = (G∗ , s1 , s2 , t1 , t2 ), where G∗ is the ∆-replacement of G by C removing v. We stop if, for the resulting instance I ′ = (G′ , s1 , s2 , t1 , t2 )
after all ∆-replacements, G′ has no 3-vertex-cut C separating a vertex v from {s1 , s2 , t1 , t2 }.
This idea will only work, if the ∆-replacements do not change
the solvability of the problem.

Lemma 23. [Shiloach, [28]] Let I = (G, s1, s2 , t1 , t2 ) be an instance
of the 2-VDPP such that G is a triconnected graph and let G∗ be
a ∆-replacement of G. Then G∗ is also a triconnected graph and
I ∗ = (G∗ , s1 , s2 , t1 , t2 ) has a solution iff I has a solution.
This lemma is similar to Lemma 11 in Section 4.3. In Shiloach’s
paper [28] it is proven directly following the ideas used in Lemma 11,
but it also follows as a corollary from Lemma 22.
Proof. Let C = {a, b, c} be chosen in such a way that G∗ is the ∆replacement of G by C. For two vertices of C, say w.l.o.g. a and b,
it is easy to see that there are three internally disjoint paths from a
to b in G∗ . The first path consists of edge (a, b), the second of the
edges (a, c) and (c, b) and the third of the replacement path of edge
(a, b) as defined in the proof of Lemma 22. Finally, from Lemma 22
with G1 = G and G2 = G∗ it follows that there are three disjoint
paths between all other pairs of vertices of V ∗ and that there are
two disjoint paths from s1 to t1 and s2 to t2 in G iff the same is true
in G∗ .
⊔
⊓

For efficiently supporting the construction of disjoint paths from
s1 to t1 and from s2 to t2 in our original graph G from two disjoint
paths in G′ , i.e. the graph G after a series of ∆-replacements removing all triangular cuts separating a vertex v from {s1 , s2 , t1 , t2 },
we store with each newly inserted edge (a, b) that is inserted by a
∆-replacement of G with 3-vertex-cut C the vertices of C as well as
a vertex v removed by the ∆-replacement.
Similar as in Section 4.3 we can conclude:
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Lemma 24 (Shiloach, [28]). Let A be the algorithm consisting of
the repeated construction of ∆-replacements and storing with each
newly inserted edge e a 3-vertex-cut C and a vertex v such that e is
inserted by the ∆-replacement with 3-vertex-cut C removing v. Then,
A is a 2PR-algorithm.
Since in Shiloach’s paper [28] an explicit proof of this fact is given
only for the case of one ∆-replacement, we want to prove Lemma 24
in this paper.
Proof. Let G = (V, E) be the graph on which A is started and G′ =
(V ′ , E ′ ) be the graph that is output by A. Since a ∆-replacement
deletes at least one vertex of G and inserts at most three new edges,
it is easy to see that |V ′ | ≤ |V | and |E ′ | = O(|E|). The rest follows
from Lemma 22.
⊔
⊓
From Lemma 24 in combination with Lemma 21 and Theorem 20
it follows that after reducing I to an instance I ′ = (G′ , s′1 , s′2 , t′1 , t′2 )
such that in G′ there is no triangular cut separating a vertex v from
{s′1 , s′2 , t′1 , t′2 }, the 2-VDPP on I ′ can be solved in linear time. We only
need to show that the reduction from I to I ′ can be implemented
efficiently. Therefore, we only need to find efficient algorithms for
the following problems:
– Find a vertex v that is separated from {s1 , s2 , t1 , t2 } by a 3-vertexcut.
– Find a 3-vertex-cut C separating v from {s1 , s2 , t1 , t2 }.
– Given v and C, replace G by the ∆-replacement of G by C.
Let us start with the latter problem:
Lemma 25. Given an instance I = (G, s1 , s2 , t1 , t2 ) of the 2-VDPP,
where G = (V, E) is a triconnected graph, a triangular cut C of G,
and a vertex v ∈ V which is separated from {s1 , s2 , t1 , t2 } by C,
the ∆-replacement G∗ = (V ∗ , E ∗ ) of G by C removing v can be
constructed in O(|E − E ∗ |) time.
Proof. It is easy to see that G∗ can be constructed by a depth-first
search on G starting in v and not visiting any edge of E ∗ .
⊔
⊓
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According to Lemma 25 it follows that the running time for the
construction of all ∆-replacements can be bounded by O(m). Thus,
our problem of efficiently solving the 2-VDPP reduces to the problem of efficiently determining a vertex v and a 3-vertex-cut C such
that v is separated from {s1 , s2 , t1 , t2 } by C. The main difference
between the algorithm of this paper and Shiloach’s algorithm is the
computation of such vertices and 3-vertex-cuts. While not searching
explicitly for 3-vertex-cuts, Shiloach’s algorithm is occasionally unable to proceed due to the presence of such a cut. The cut is then
removed by a ∆-replacement. After the ∆-replacement Shiloach’s
algorithm is restarted on the resulting graph. Since this may happen Θ(n) times, the running time of Shiloach’s algorithm is bounded
only by O(mn).
Here, in contrast, we systematically remove all 3-vertex-cuts separating a vertex v from {s1 , s2 , t1 , t2 } efficiently. For identifying such
a vertex v, like in Section 4, we let Gx be the graph obtained from
G by adding a new vertex x and edges {x, s1 }, {x, s2 }, {x, t1 }, and
{x, t2 } to G. Then, if G is triconnected, the same is true of Gx ,
and s1 , s2 , t1 , t2 are 4-connected to x. Lemma 12 implies that in each
reduction step, replacing an instance I = (G, s1 , s2 , t1 , t2 ) by an instance I ∗ = (G∗ , s1 , s2 , t1 , t2 ) such that G∗ is a ∆-replacement of G,
for identifying a vertex v 6∈ {s1 , s2 , t1 , t2 } that can be separated from
{s1 , s2 , t1 , t2 } by a 3-vertex-cut, we only need to look for a vertex v
that is not 4-connected to x in Gx (note that v is not adjacent to
x). To find such a vertex we could step through all vertices of V and
test, for each vertex, whether it is 4-connected to x (we will later
see efficient implementations for answering 4-connectivity queries).
Unfortunatley, whereas in Section 4.3, after a replacement as it was
decribed in Lemma 11, two vertices u and w are 3-vertex-connected
if and only the same was true before the replacement, the existence
or nonexistence of 4 internally disjoint paths between two vertices
may not be preserved by a ∆-replacement. If we recompute the set
of all vertices that are not 4-connected to x after each update of G,
we might have to answer up to Ω(n2 ) connectivity queries for the
whole sequence of all reduction steps. The following lemma will help
us to reduce the number of connectivity queries.
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Lemma 26. Let I = (G, s1 , s2 , t1 , t2 ) be an instance of the 2-VDPP
such that G = (V, E) is a triconnected graph and let G∗ be a ∆replacement of G. Let Gx and G∗x be defined as above. Then, if x
and b ∈ V ∗ are 4-connected in Gx , they are also 4-connected in G∗x .
Lemma 26 follows directly from Lemma 22 (note that G∗x can
be considered as a ∆-replacement of Gx ). Hence, having replaced
G by a new graph G∗ , if we search for a vertex v that is not 4connected to x, we can exclude all vertices for which, in a previous
reduction step, we have already tested whether they are 4-connected
to x. If such a vertex was 4-connected to x, it remains 4-connected
to x, and, otherwise, it was deleted from G. Thus, the number of
4-connectivity-queries is reduced to O(n).
For efficiently supporting 4-connectivity queries, we might think
of using a dynamic data structure. This is a data structure that supports two kinds of operations: update operations, which in the case
of graph problems usually consist of edge insertions and edge deletions, and queries, which in our case will be 4-connectivity queries.
The idea behind dynamic data structures for graph problems is that,
using the knowledge about a graph before an edge insertion or edge
deletion, possibly queries can be answered faster than without such
knowledge. Unfortunately, there is no known dynamic data structure supporting all of the operations above in nearly constant time.
However, Kanevsky, Tamassia, Di Battista, and Chen [10] presented
a very efficient incremental dynamic data structure supporting only
edge insertions and 4-connectivity queries. This data structure can
be initialized, in O(mα(m, n)) time, with a triconnected graph containing m edges and n vertices, and, after this initialization, it supports O(m) queries and insertions in O(mα(m, n)) time. With a simple trick we can make use of this data structure: In addition to Gx ,
we also maintain a graph Hx that, before the first ∆-replacement, is
initialized with a copy of Gx . In a reduction step replacing Gx by a
∆-replacement G∗x of G, we do not delete any vertex or edge of Hx ,
but insert in Hx the same edges that are inserted in Gx (see Fig. 9).
Now, if we want to test whether a vertex of Gx is 4-connected to x
in Gx , we only need to ask whether it is 4-connected to x in Hx , as
shown by Lemma 27. Queries in Hx can now be answered with the
data structure of Kanevsky et al.
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Fig. 9. The changes in Gx and Hx due to the ∆-replacement of Gx by {a, b, c}. The
dashed lines represent newly inserted edges.

Lemma 27. A vertex w of Gx is 4-connected to x in Gx iff it is
4-connected to x in Hx .
Proof. If a vertex of Gx is 4-connected to x in Gx it must be 4connected to x in Hx since Gx is a subgraph of Hx . The reverse
direction follows directly from Lemma 22 (note that we can consider
Gx as a graph obtained from Hx by a series of ∆-replacements). ⊔
⊓
Given a vertex v of Gx that is not 4-connected to x, we still have
to show how we can determine a 3-vertex-cut C that separates v
and x. Remember that finding a 2-vertex-cut separating a vertex v
from {s1 , s2 , t1 , t2 } in Section 4.3 was very easy. We could show that
there exist exactly 2-vertices that are connected by an edge to the
connected component containing v in the graph obtained from Gx be
deleting all vertices that are 3-vertex-connected to x. Unfortunately,
a corresponding lemma does not hold for ∆-replacements. However,
once again, instead of searching for a 3-vertex-cut of Gx , we search
for a 3-vertex-cut of Hx :
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Lemma 28. Let v be a vertex of Gx and let C be a 3-vertex-cut
separating v and x in Hx . Then C is also a 3-vertex-cut separating
v and x in Gx .
Proof. Assume that the lemma above is not true. Let us consider the
first replacement of Gx = (VGx , EGx ) by a graph G∗x = (VG∗x , EG∗x ),
and of Hx = (VHx , EHx ) by a graph Hx∗ = (VHx∗ , EHx∗ ) such that the
assertion of the lemma holds before, but not after, the replacement.
It is clear that every 3-vertex-cut C ⊆ VG∗x in Hx∗ that separates x
and a vertex w ∈ VG∗x also separates x and w in G∗x , since G∗x is a
subgraph of Hx∗ . Thus, if the lemma does not hold for G∗x and Hx∗ ,
there must be a 3-vertex-cut C with C 6⊆ VG∗x that separates x and
a vertex w ∈ VG∗x in Hx∗ . Since Hx∗ is triconnected, there are three
pairwise internally vertex-disjoint paths from x to w in Hx∗ . Then, as
it follows from Lemma 22, there also exist three pairwise internally
vertex-disjoint paths q1 , q2 , and q3 from x to w in Hx∗ that do not
visit any vertex outside G∗x . Hence, at least one vertex of C is not
visited by q1 , q2 , and q3 . But this contradicts Corollary 7.
⊔
⊓
For determining a 3-vertex-cut of Hx separating a vertex v and
x, we can again use the data structure of Kanevsky et. al.. This
data structure also maintains, in O(α(m, n)) amortized time per edge
insertion, a special decomposition tree from which, for any given
pair of two non-4-connected vertices u and w, one can construct, in
constant time, two sets C1 and C2 such that one of these sets is a
3-vertex-cut separating u and w (see [10] for more details). Now, for
two sets C1 and C2 with one of them being a 3-vertex-cut separating
v and x, we start two interleaved depth-first searches on Gx −C1 and
on Gx − C2 with v as the source vertex; and we continue until one
of the two depth-first searches has completed its depth-first search
tree containing vertex v without having visited vertex x. Depending
on whether this happens to the depth-first search on Gx − C1 or to
that on Gx − C2 , either C1 (in the first case) or C2 (in the second
case) is a 3-vertex-cut separating v and x. Since the running time of
the subroutine above is dominated by that of the depth-first search
that detects a 3-vertex-cut C = C1 or C = C2 , and, after identifying
C, all vertices and edges visited by this depth-first search will be
deleted from Gx in order to complete the reduction step replacing
Gx by the ∆-replacement G∗x of G by C, the extra running time for
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determining 3-vertex-cuts of two possible candidates can be bounded
by O(m), taken over all reduction steps.
Let us now analyze the complexity of the whole algorithm. For
answering all 4-connectivity queries and identifying 3-vertex-cuts
separating a vertex v and x, we need only O(mα(m, n)) time using the data structure of Kanevsky et. al., since this data structure
can be initialized in O(mα(m, n)) time and our algorithm consists
of only O(n) edge insertions and 4-connectivity queries (note that
n ≤ m, since G is triconnected). Since we have already shown that
the remaining parts of our algorithm for identifying and removing
3-vertex-cuts run in linear time, we can conclude that the following
lemma holds:
Theorem 29. Let I = (G, s1 , s2 , t1 , t2 ) be an instance of the 2VDPP, where G = (V, E) is an undirected and triconnected graph.
Then, in O(mα(m, n)) time, I can be 2P-reduced to an instance I ′ =
(G′ , s1 , s2 , t1 , t2 ) of the 2-VDPP such that G′ = (V ′ , E ′ ) is an undirected triconnected graph not containing any vertex v 6∈ {s1 , s2 , t1 , t2 }
that can be separated from {s1 , s2 , t1 , t2 } by a 3-vertex-cut.
In combination with Theorem 20 and Lemma 21 we can conclude:
Theorem 30. The 2-VDPP can be solved in O(n+mα(m, n)) time.

7

Extensions

Perl and Shiloach [20] showed that the 2-EDPP on undirected graphs
can be reduced to the 2-VDPP on undirected graphs as follows: If,
for an instance (G, s1 , s2 , t1 , t2 ) of the 2-EDPP, there are two vertexdisjoint paths from s1 to t1 and s2 to t2 , just output two such paths
with an algorithm for the 2-VDPP. Otherwise, add a new vertex x
and edges {x, s1 }, {x, s2 }, {x, t1 } and {x, t2 } to G. Then, there are
two edge- (but not vertex-)disjoint paths p1 from s1 to t1 and p2
from s2 to t2 , if and only if there is a vertex u of G that is 4-edgeconnected to x. Given such a vertex u, one can use network-flow
techniques to determine, in O(m) time, four edge-disjoint paths from
u to s1 , s2 , t1 , and t2 , and by concatenating two of these paths it is
easy to construct, in linear time, two edge-disjoint paths from s1 to
t1 and s2 to t2 . In [20] the problem of determining a vertex u that is
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4-edge-connected to x was solved by n applications of network-flow
techniques, which yields a running time of O(mn). But, as shown
by Dinitz and Westbrook [3], a sequence of q 4-edge-connectivity
queries in an undirected graph with n vertices and m edges can be
answered in O(q + m + n log n) total time. Hence, the 2-EDPP on
undirected graphs can be solved in O(mα(m, n) + n log n) time.
As shown by the author of this paper [33], a well known reduction
of Lucchesi and Giglio [15] for the decision version of the 2-VDPP
on dags can be generalized to reduce the (general) version of the
2-VDPP on dags in O(m log2+m/n n + n log3 n) time to the 2-VDPP
on undireted graphs. With the results of this paper we obtain an
O(m log2+m/n n + n log3 n)-time algorithm for solving the 2-VDPP
on dags. Finally, similarly to the reduction of the 2-EDPP to the
2-VDPP on undirected graphs, for the 2-EDPP on a dag, either two
disjoint paths can be found with an algorithm for the 2-VDPP, or
we add two vertices x and y and directed edges (x, s1 ), (x, s2 ), (t1 , y),
and (t2 , y) to our input graph. In the latter case, there are two edge(but not vertex-)disjoint paths, p1 from s1 to t1 and p2 from s2 to
t2 , iff there is a vertex u such that there are two edge-disjoint paths
leading from x to u as well as two edge-disjoint paths from u to y.
u, if it exists, can be determined in O(n + m log2+m/n n) time with a
data structure of Suurballe and Tarjan [29]. Hence, the 2-EDPP on
dags is also solvable in O(m log2+m/n n + n log3 n) time.
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